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Abstract

\I start with a chicken. A gaod chicken. A cheap chicken wouldrit make a
rich soup. And it hasto have gray feathers"| Elsie Zussman

The supertree problem is of interest to biologists in their e orts to build a complete
tree of life. It involvestaking a set of input treeswith (usually) overlapping leaf setsand
building a supertree that contains all the input speciesand respectsall the ewolutionary
relationships in the input trees. Although e cien t imperative solutions to the problem
exist, they are highly specialisedto solving \pure" variations of the problem. For this
reason,constraint programming solutions have beentried and thesedo indeed improve
the exibilit y of the solution aswell asbeing more easily understandable. Howewer this
power comesat a costin time and spacee ciency. The spacee ciency problems are
most pressing,becausemodestinput data from biological journals cannot be loadedinto
the memory of a powerful workstation.

The root of the spacee ciency problem is that the ultrametric constraint is posted
C(n; 3) times in the speciesmodel, where n is the number of speciesbeing modelled.
This cubic spacecomplexity is compounded by the fact that naive implemertations of
the constraint have large constart factors. This project achievesthis spaceimprovemert
using a whole-matrix ultrametric constraint that reducesthe overall spacecomplexity
by a factor of n to O(n?) and achieves 2 order of magnitude improvemerts in practice,
even on quite small inputs.

Another outcome of the project was to undertake a detailed analysis of the ultra-
metric constraint, the end result of which is a constraint designmaintaining generalised
bounds arc consistency A rigorous proof of the correctnessof this constraint was com-
pleted. Other designsand implementations of the sameconstraint were produced. The
set of constraints were comparedin an empirical study.

Preliminary results indicate that this level of consistencyis su cien t to avoid seard
altogether, and this leadsto a worst casetime bound of O(n?) to solve the supertree
problem, comparedto O(n”z) for previous designs.

Next, a generalisedultrametric constraint was designedto provide the sametime
and spacebene ts to an alternativ e supertree model incorporating ancestral divergence
dates. This constraint was also proved correct rigorously but more informally.

The report starts with reviews of the elds of constraint programming and species
trees. No knowledge of either subject is assumed,although some programming knowl-
edgeand mathematical maturity are necessary



Chapter 1

Background in constrain t
programming

\Consistency is the last refugeof the unimaginative."| Oscar Wilde

1.1 The Constrain t Satisfaction Problem

The presenation in this sectionis basedon [Smi0]] but similar material can be found
in the rst section of almost any publication about constraint programming.

ead with a domain d; that comprisesa ( nite) set of possiblevalues, plus a set C of
constraints that restrict the valuesthat variables can simultaneously take. The motiva-
tion for modelling a problem asan instance of the CSP isto nd zeroor more solutions
which are simultaneous assignmeits of domain valuesto all variablesin sudh a way that
all constraints are satis ed.

Domains commonly cortain sequence®f consecutiwe integers,though they can also
be arbitrary sets of integersand mathematical ertities like setsand graphs[DDDO0Y|.

Constraints may be unary, meaningthat they constrain one variable; binary, mean-
ing that they constrain two; ternary, three; and more generally n-ary. The formal
de nition of a constraint is that it is a subsetof the cartesian product of the domains
of the variablesthat it is over, this subsetspeci es the valuesthat are allowed together
(although the alternativ e of specifying the valuesthat are not allowed is equally descrip-
tive). In practice, a constraint may be speci ed extensionaly, where the acceptable
subsetof the cartesian product is listed exhaustively, or intensionally, where the subset
is described by somewell-de ned relation betweenthe values.

An example of a constraint that would be speci ed extensionally is one that con-
strains variables represerting consecutive seatsaround a dinner table to cortain values
corresponding to people from dierent couples. The de nition is so nebulousthat we
could not expect to characterise the inconsistert valuesany more conciselythan by a
list, e.q.

f (Liz; Philip) ;
(David; Victoria);
(Elton; David) g

In constrast,the constraint's extensionwould occupy O(1+ 2+ :::+ n) = O(n?)
spacefor two equal variables but it is very easyto verify if a pair of valuesconformsto
it|certainly  a lot easierthan searding a data structure for the pair.
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Sinceall constraints preserted in this report have ( n3)! extensionsand satisfactory
intensional solutions, we will considerextensional constraints no further.
Now that constraints are de ned we can be a little more rigorous in dening a

solution to a CSP. A solution to a CSP with variablesx;:::;Xn isatuple (ai;:::;an)
that satis es all the constraints C. A solution satis es a k-ary constraint ¢ 2 C over
variablesXs,;:::;Xs, Whenewr (as;;:::;8s,) 2 C.

A useful way to think about a CSP is as a graph whosevertices are variables and
whoseedgesare constraints between variables?.

1.2 The CSP in practice

Many problems of practical interest can be characterisedas CSPs. To solve suc prob-
lems by computer a CSP solver program is told about all the variables, domains and
constraints that characterise the problem (the model). The solver will then provide
solutions, if any exist.

One particular way of doing this is by using the JChoco padkage for Java. An
outline procedurefor creating and solving a problem in JChoco is asfollows:

1. Createanew Problem object to represen the model. It providesmethodsto create
variables; create and post constraints; instigate and guide the seart process;and
accesssolutions.

2. Create the variables in the problem, and simultaneously specify their domains
(e.g. prob.makeBoundintVar("x", 0,10)).

3. Post constraints over the variables (e.g. prob.post(prob.equals(x,y ) ).

4. Tell the solverto nd oneor all solutions, and output them (e.g. prob.solve(true) ).

The beauty of the JChoco system is that the ubiquitous OO paradign and the
declarative paradigm co-exist, enhancing the power and readability of OO code and
adding exibilit y to constraint modelling by the addition of cortrol structures and full
IO facilities to generate models programmatically (seeSection 1.2.2 for an example of
thesetechniques). Neither of thesefeaturesare essetial in a CSP solver, for examplethe
Minion [GJMO06] solver takesasinput atext le specifyingthe variablesand constraints;
any variety must be generatedexternally.

We will now try basic modelling in JChoco by an easyexample and then a more
dicult one.

1.2.1 A PIN number puzzle

Problem: To nd the unique 4 digit bankcard PIN abcdsud that ead digit is di erent,
the two digit number abis 3 times the number cd and bcis 2 times da.

in the result. Constraints fa 6 b;a6 c;a6 d;b6 c;b6 d;c 6 dg to make the digits
dierent and constraints f10a+ b= 3(10c+ d); 10b+ c= 10d + ag to enforcethe digit
relationships.

Solution: SeelListing 1.1.

Commen tary:

1The big omega notation meansthe opposite of big oh O. That is that a function is ( f (n)) if it
grows asymptotically at least asfast asf (n).

2Assuming binary constraints throughout, for n-ary constraints the graph is a hypergraph (see
[Ros9§)



CHAPTER 1. BACKGROUND IN CONSTRAINT PROGRAMMING 4

Line 3 Create Problem to encapsulatemodel and to direct solwer.

Line 12 Create and post a constraint that a6 h.
Lines 20-21 Create and post a constraint that 10c+ 1d = 30a+ 3b.

Line 26 Tell the solver to seard for all solutions (false parameter meansto stop after
nding the rst).

Lines 27-29 Print a\prett y" represenation of ead solution.

Line 30 Output the number of solutions.

Output: Seelisting 1.2. This lists the values assignedto variables in the solution
found (a= 2,b=1,...) aswell asthe fact that only one solution was found.

1.2.2 Crystal maze puzzle

The PIN puzzle was a single problem, whereasthe crystal maze puzzle® is a template
for an in nite  number of problems. The speci cation for a problem is provided in a text
le. This meansthat Java's IO facilities and programming structures must be usedto
readit in and postit in a dierent way ead time.

Problem: Given graph G = (V;E) and jVj = n, nd a unique labelling | for the
vertices such that (u;v) 2 E ) jl(u) [I(v)] 6 1, i.e. neighbouring vertices labelled
non-consecutisely.

Mo del: For ead vertex v; create a variable x; whosedomain is 1;:::;n. Constrain
variablesto be pairwise dierent and jx; X;j 6 1 for verticesv; and v; joined by an
edge.

Instance:  An instancewith 3 verticesand 1 edge(vs;Vv») is speci ed by a le cortain-
ing:

31
12
Solution:  Seelisting 1.3.
Commen tary:

Lines 17-25 There's nothing new in the individual lines of code here, but the way that
the constraints are posteddi erently dependingon the data in the le is new. This
sort of technique is how a single constraint program can be madeto solve di erent
problems.

Line 28 Post the constraint that all the variables must take di erent values. This has
the possibility of doing more propagation than a clique of 6 constraints|Reg94.

Output:  Seelisting 1.4, wheretwo distinct solutions were found and both have been
printed out.

3Despite its name, this puzzle has nothing to do with crystal mazes|it was a challenge on the TV
gameshav of the samename and has cometo be known by this moniker.
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public class CSolve {

public static void main(String[] args) throws ContradictionException {

Probl em pin = new Problem();

/lvariables to represent each individual digit
IntVar a = pin. mmkeEnum ntVvar("a", 0, 9);
IntVar b = pin. makeEnum ntVvar ("b", 0, 9);
IntVar ¢ = pin. mmkeEnum ntVvar("c", 0, 9);
IntvVar d = pin. makeEnum ntVvar ("d", 0, 9);

/lall different constraint
pi n. post (pin. neq(a, b));

pi n. post (pin.neq(a,c));
pi n. post (pin.neq(a,d));
pi n. post (pin. neq(b,c));
pi n. post (pin. neq(b,d));
pi n. post (pin. neq(c,d));

/lrelationship between digits, using scalar product expressions

pin. post (pin.eq(pin.scalar(new int[] {10, 1}, new IntVar[] {c,
pin.scalar(new int[] {30, 3}, new IntVar[] {a,
pin. post (pin.eq(pin.scalar(new int[] {10, 1}, new IntVar[] {d,
pin.scalar(new int[] {20, 2}, new IntVar[] {b,

/1 find and output all solutions
pin.solve(true);
do {
System. out. println(pin.pretty());
} while(pin.nextSolution().bool eanVal ue());

System. out . println(pin.getSolver ().getNbSolutions() + " solutions");

Listing 1.1: Code to solve PIN problem

$$ java -cp ~/ project:. CSolve
Pb[4 vars, 8 cons]
Pb[4 vars, 8 cons]
==== VARI ABLES ====
a: 2{2}

b: 1{1}

c: 6{6}

d: 3{3}

Pb[4 vars, 8 cons]
==== CONSTRAI NTS ====
b:1

*d:3 + -30*a:2 + -3*b:1
*a:2 + -20*b:1 + -2*c:6

+ + 00000

6
3
6
3
3
1
1

wo I 1nnon
1
o

c:
d:
1 sol utions

Listing 1.2: Result for PIN problem
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1 public class Crystal {
2 public static void main(String[] args) throws | CException,
3 Contradi cti onException {
4 St reaniTokeni zer st =
5 new Streamlokeni zer (new | nput StreanReader (System. in));
6 /1 get nunmber of nodes
7 st. next Token(); int numNodes = (int)st.nval;
8
9 /1 get nunmber of edges
10 st. next Token(); int nunEdges = (int)st.nval
11
12 // put together variables so we can create constraints as we read edges in
13 Probl em pb = new Probl em()
14 I nt Domai nVar [] nodes =
15 pb. mkeBoundl nt Var Array (" nodes”, nunmNodes, 1, numNodes);
16
17 //read in constraint and post non-consecutive constraint on the fly
18 for(int i = 0; i < nunmEdges; i++) {
19 st. next Token(); int nl = (int)st.nval - 1;
20 st. next Token(); int n2 = (int)st.nval - 1
21 IntExp sub = pb. m nus(nodes[nl], nodes[n2]);
22 /] post non-consecutive constraint
23 pb. post ( pb. neq(sub, 1));
24 pb. post ( pb. neq(sub, -1));
25 }
26
27 //ensure that all numbers are accounted for
28 pb. post (pb. al | Di ff erent ( nodes) ) ;
29
30 /1 now sol ve and out put
31 pb. sol ve(true);
32 do {
33 System. out . println(pb. pretty())
34 } while(pb. nextSolution().bool eanVal ue())
35 System. out . println(pb. getSolver ().getNbSolutions() + " solutions")
36 }
37 }
Listing 1.3: Code to solve Crystal Maze puzzle
1 $$ java -cp ~/choco:. Crystal < trivinst
2 Pb[3 vars, 3 cons]
3 Pb[3 vars, 3 cons]
4 ==== VARI ABLES ====
5 nodes[0]:1[1, 1]
6 nodes[1]:3[3, 3]
7 nodes[2]:2[2, 2]
8 Pb[3 vars, 3 cons]
9 ==== CONSTRAINTS ====
10 nodes[0]:1 != nodes[1]:3 + 1
11 nodes[0]:1 != nodes[1]:3 - 1
12 choco. gl obal . BoundAl | Di f f @8558d2
13

14 Pb[3 vars, 3 cons]
15 Pb[3 vars, 3 cons]
16 ==== VARI ABLES ====
17 nodes[O0]:3[3, 3]

18 nodes[1]:1[1, 1]

19 nodes[2]:2[2, 2]

20 Pb[3 vars, 3 cons]

21 ==== CONSTRAINTS ====

22 nodes[0]:3 != nodes[1]:1 + 1

23 nodes[0]:3 != nodes[1]:1 - 1

24 choco. gl obal . BoundAl | Di f f @ 8558d2
25

26 2 solutions

Listing 1.4: Result for Crystal Maze puzzle
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1.3 Implemen tation of constrain t solvers

The implementation of solvers for the CSP is an interesting and varied subject which
we will touch on only brie y and only then whenit is relevant to the aims of the project.

1.3.1 Search techniques: Generate and test, forward checking and
main taining arc consistency

JChoco usesone out of sewral available seard techniquesto nd solutions. It has
the key properties of completenessand soundness meaning that all solutions are found
(completeness)and that all found solutions are correct (soundness).

We will begin by looking at somelegacy seart techniques (all of which are both
sound and complete) beforemoving on to the modern technique that JChoco employs.

The geneate and test algorithm works by repeatedly instantiating every variable
with a value from its domain and cheding if all constraints are satis ed. If so, the
instantiation is a solution; if not, it is discarded. Once ewery instantiation has been
tried the seard processis nished. This procedure has O(T“ﬂ"{'zﬂ}) = O(m") time

n times
complexity for n variables ead with m values[SmiO]. Intuitiv ely, the reasonthat this

algorithm has beensupersededis that it blindly continuesinstantiating even when the
partial solution is incorrect. For example,with variablesx, y and z and constraint x 6 y
if x l1andy 1 the algorithm will proceedto try instantiating z although it can
never succeedn producing a solution. With more variables or larger domainsthis could
result in a great deal of unnecessarywork and is known as thrashing®.

Backtracking algorithms like backmarking, badkjumping and con ict-directed badk-
jumping (see[Pro93]) exploit the above obsenation by not contin uing with instantiation
oncea partial assignmen violates any constraint.

A further re nement is to infer from currently instantiated variables what future
variables cannot be instantiated to, thereby pruning subtreesfrom the seard tree ahead
of time. Algorithms that do this are categorisedas forward checking[HE80]. A simple
method for forward cheding (usually known simply as forward chedking or FC) is
to remove from future domains values that are directly incompatible with ead new
instantiation. Howewer, the maintaining arc consistency (MA C)[SF944 algorithm is a
smarter method that not only doesthis but alsocascadesemovals sothat all remaining
valuesin all domainsare pairwise compatible, rather than only past and future variables
being compatible. To seethe di erence betweentheseconsidervariablesx, y and z eah
with domain f 1; 2; 3g, and constraints x 6 y andy = z. If the seard processhasx 1
then with plain FC the remaining domains are pruned to f 2; 3g for y and f 1; 2; 3g for z,
that is, z's domain is unchanged. Contrast this with MA C where as beforey's domain
is f2;3g but this time z's domain is trimmed down to f2;3g. This extra trimming is
due to the e ect of cascadingthe lossof 12 y.

The precisesensein which variables are compatible with one another is de ned by
arc consistency (AC) and in maintaining arc consistencyevery pair of variablesis kept
AC throughout the seard process. Two variablesv; and v; with domains d; and d;
are AC w.r.t. aconstraint C if and only if 8x 2 dy, 9y 2 dy s.t. (x;y) 2 C and 8y 2 dy,
9x 2 dy s.t. (x;y¥) 2 C. This is not the only only possiblelevel of consistency more will
be described in Section1.3.3.

4C.f. The idea of thrashing in virtual memory where virtual memory pagesare loaded and unloaded
intensively.

SHere the AC acronym is being overloaded to mean arc consistert rather than arc consistency It
should be clear by the context what the intended meaning is.
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Just becausea problem is AC doesn't meanit hasa solution. Higher levels of consis-
tency like SAC[PSWO0Q can rule out more non-solutions ahead of time but potentially
with atime penalty. Experimental evidencesuggests[SF94hthat AC is a good trade-o
and sowe will not considerhigher consistencylevels any further.

Arc consistencycan be maintained in many di erent ways. In JChoco a particular
specialisation of the AC-5 algorithm[HDT92] is used, but it will also be necessaryto
describe another specialisation called AC-36. These AC algorithms are the subject of
the next Section 1.3.2.

1.3.2 Arc consistency algorithms

The de nition of AC says that all valuesshould be supported by all constraints. That
is, for any x and constraint c, there is a y that partners x to satisfy c. In practice
this meansthat AC algorithms must remove unsupported values from the domains of
variables where necessary In the MA C algorithm this is done before seart as well as
during searth wheneer a domain is reduced. In this sectionwe will seeAC-3 and AC-
5 which are both usedto implement MA C, sothat they will somehav keepa problem
AC asseard proceeds.

Notice that when a variable is reducedonly other variables connectedto it through
a chain of constraints can possibly be reduced as a result of enforcing AC (i.e. AC is
a local property). A corollary of this local property is that when a variable's domain
changesduring the seard processwe needonly ched variablesthat sharea constraint
with it to ensureall their values are still supported rather than chedking everything.
This obsenation will be important in understanding both AC-3 and AC-5.

1.3.21 AC3

The AC-3 algorithm[Mac75] usesa set S of directed edgesto keep track of variables
that may not be AC with a neighbour. For example if the set cortains (vi;V;) this
meansthat v; may needto be reviseddue the lossof a value from v; .

Let Cj be the constraint betweenv; and vj, if it exists’. The AC-3 algorithm is
to repeatedly remove a pair (vi;Vj) from S until noneremain. Eac time setD = fx:
X2 Vvih:9y 2y st (xy) 2 Cjgis found, i.e. the set of all valuesin v; that are
unsupported by v;. ThesevaluesD are then removed from the domain of v; to make it
AC w.rt. vj. Next, 8Cy; 2 C, Cy; is addedto S, sothat the e ects on all connected
variables of the removals in v; will be investigated. Once S becomesempty AC hasbeen
establishedamongst all variables.

When establishing A C for the rst time beforeseard starts, the setwill contain every
edgein both directions wherewer a constraint exists. When a variable is instantiated
during seardr and AC is to be re-established, only edgesending at the instantiated
variables are addedto the set beforerunning the algorithm.

Let m be the size of the largest domain and let ¢ be the number of constraints.
The time complexity of discovering the set D is O(m?). To make the whole problem
AC S starts with 2c pairs in it and, sincein the worst caseead set D could have size
1, up to 2cm further pairs may have to be added. Hence the algorithm has overall
O((2c+ 2cm)m?) = O(cm?) worst casetime complexity[YYO1].

8AC-3 was not conceived as a specialisation of AC-5at rst{Mac75 ], but was retrotted to be
such[HDT92]

"If more than one such constraint exists then let it be the union of the two constraints. Furthermore,
Cji is the sameas C; but with the tuples in the constraint reversed.
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1322 AC-5

The AC-5 algorithm[HDT92 ] makesthe obsenation that when particular valuesare lost
from a variable, consistencyalgorithms may be able to take advantage of the specic
value that hasbeenlost to speedup pruning. For exampleif x = y and x losesthe value
1 then we know for a fact that 1 is the only value ruled out for y. In the generalcase
the complexity of AC-5 is O(cm3) which is no better than AC-3. Howewer, in special
casesthe worst casefor enforcing AC can be reducedto O(cm) (for justi cation of this
see[HDT92]).

In AC-5, instead of a set of directed edgesto process,we have a set S of triples
(vi;vj;y) eah of which meansthat \as a result of the loss of y from v;, vi must be
tested for AC". Onceall such triples have beenprocessedhe problemis AC.

To establish AC for the rst time before seard, the algorithm rst cheds eadh
variable v; in turn for consistencywith its neighbours and obtains a set ; which is all
the valuesthat should be removed from v;. Now f (v;vi;d) : Ck 2 C*d2 1gisadded
to S, sothat the e ect on other variables of these removals from v; is considered. The
next stageis to repeatedly remove one triple (vi;vj;y) from S, and to carry out any
removals » from v; neededasaresult. Now extra triples f (vk;vi;d) :Cik 2 C*d2 o9
areaddedto S to propagatethe e ects of theseremovalsto neighbouring variables. Once
the queueis empty the changeshave settled down and the problem is AC.

During seard triples f(vi;vj;y) : Cj 2 Cg are addedto S when variable v; loses
value y, sothat only the minimum work is doneto re-establishAC.

For a more detailed discussionof the operation of AC-5 and a proof of correctness
see[HDT92].

1.3.2.3 General discussion

For the purposesof this project it is only necessaryto know that AC-5 givesconstraint
designersthe chanceto make inferencesbasedon the particular value removed from a
domain, rather than being limited to just knowing that some value has beenlost, asis
the casefor AC-3. Also, the fact that AC-5 is complete and sound[HDT92] meansthat
the cortract on a custom constraint (such asthose presened in this report) is that when
it is noti ed of the lossof a value, everything that it removesis geruinely unsupported.
Without this guarantee seart could be incomplete. Furthermore if a constraint allowed
incorrect pairs to be instantiated, seart could be unsound.

1.3.3 Other levels of consistency

Sofar we have assumedthat variables can have arbitrary domains. For a domain with
size d implementations of variables will require ( d) space. Howewver by restricting
attention to domains cortaining cortin uous sequencef values, the spacecomplexity
canbereducedto O(1). This is doneby storing a current lower bound and current upper
bound. Clearly this represetiation cannot have arbitrary non-bound valuesremoved and
henceit may be impossibleto maintain full AC.

For such occasionsthere exists an analog of AC for bound variables called bounds
AC, this meansthat rather than having to support ewvery value in a domain, it is
su cien t that the upper and lower bounds are supported. In JChoco it is possibleto
mix AC and bounds AC constraints and as a result of this the whole problem may not
be kept fully AC by the MA C algorithm. Nevertheless, nal solutions will be correct
becauseoncea variable has beeninstantiated its lower and upper bounds are equal and
the de nition of bounds AC becomesequivalernt to the de nition of AC.
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As an example of the di erence supposethat a bounds AC = (equals) constraint is
used. The CSP x = f1;3g, y = f1;2;3g and x = y is bounds AC but not AC.

The choice of whether to use bounds AC or AC is closely related to the choice
between bound variables (with sequetial domains) and enumerated variables (with
arbitrary domains). Choice of bound variables may be justied due to spaceconcerns.
Also, as above, full AC may not be possiblewith bounds variables, and the use of a
specialisedbounds AC constraint on suc variables could reducerunning time. Another
justi cation for using bounds AC is possiblereduction in running time if lazynessat
nodesdominates an increasein seart tree size.

The speciesmodel that this project is basedaround usesbounds variables and so
many of the custom constraints in this project enforcebounds AC. It would be inter-
esting future work to investigate how using enumerated variables and full AC a ects
results.

1.3.4 Augmen ting the search pro cess

A common modelling technique is to introduce auxiliary variables whose values are
irrelevant but constrainedin such a way that an inconsistencyin a solution manifests
itself asa domain wipeout. For this reasonand others a constraint modeller may wish
to limit the variablesthat are instantiated to only thosethat are part of a solution and
to leave out the auxiliary variables. In a constraint model, the valuesthat are actually
being searted are called the search variables In JChoco , by default, all variables are
seart variables but this can be changed.

Until now we have tacitly assumedthat variables are instantiated in an arbitrary
xed order, but this does not need to be the case. Some constraint toolkits, and
JChoco in particular, oer dynamic variable ordering heuristics that are intended to
reduceseart e ort by making an intelligent choice of the order in which to instantiate
variables. As an example of a situation where this could be bene cial, consider vari-

constraints x = z andy = z. Using MA C and a static variable order of x;y;z, 1000
instantiations x 1, x 2,...,x 1000wil have to be attempted before a value
for x is found that is consistert with the domain of z. We then have the sameproblem

for variable y. A dynamic solution that would have worked well in this instance would

have beento chooseto next instantiate the variable whosedomain is smallest, because
in this casethe domains of x and y would immediately have beenreducedto f1g. This

is known as the min-domain heuristic and it is the default in JChoco . Intuitiv ely, it

works well becauseif a solution is impossibleit will be discosered sooner by failing on

the smallestdomain. This is an example of the fail rst heuristic[HE80].

1.4 Implemen tation of custom constrain ts in JCHOCO

In JChoco , constraints are represetted by subclassef AbstractintConstraint . This
classhasa large number of methods, many of which can be overridden if desired,but to
implement a custom constraint only a small subsetof these have to be implemented?:

8t is not clear from JChoco documentation which methods need to be overridden but these ones
seemto work ne and Patrick Prosserhas establishedthat they are su cien t by personal correspondence
with the authors of JChoco . Strictly speaking it should be su cien t to implement awakeOnRem(and
awake(), becausethe former is analogousto the operation of removing a triple from the setS in AC-
5 and the latter to chedking every value for support at the outset. It is outwith the scope of this project
to investigate the issueand it makeslittle di erence to the correctnessof the constraint's designs,even
if the uncertainty reducescon dence in implementations a little bit.
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awake() Invoked by the MA C algorithm before seart to make the constraint AC.

awakeOnRem(idx, val) Invokedduring seard to re-establishconsistencyafter variable
index idx haslost value val .

awakeOnRemovals(idx, vallter) Invoked during seart to re-establish consistency
after variable index idx haslost all the valuesin vallter

awakeOnlnst(idx) Invoked during seard to re-establish consistencyafter variable in-
dex idx hasbeeninstantiated.

awakeOnlInf(idx) Invokedduring seard to re-establishconsistencyafter variable index
idx haslost one or more valuescausinga changein its lower bound.

awakeOnSup(idx) Analogousto awakeOnInf(idx) for upper bound change.

Generally speaking, the bodies of these functions will contain code that looks at
the current domains of variables that the constraint acts over and then removes some
unsupported values from variables in the constraint. Whenewer a constraint empties a
variablesdomain, it will (directly or indirectly) throw a ContradictionException  that
results in backtracking.

The genericAC-5 algorithm only noti es constraints when individual valuesare lost.
In JChoco the above special casesare identi ed to make the job of writing constraints
easier. We will seean example in the next section of a constraint that doesn't need
to do any propagation when lower bounds are changedand in this caseawakeOnInf()
would bea\do nothing" method to save itself unnecessarywork. Furthermore if a lower
bound changesmultiple times beforethe changeis propagated, JChoco may coalesce
thesenoti cations into onefunction call to awakeOnInf() . Casesfor other methods are
similar.

When a constraint makeschangesto a variable's domain, the underlying JChoco li-
brary addstriple to the AC-5 queueto cascadethe change, by notifying all the other
constraints on that variable. Henceead constraint doesits own job in isolation to the
others; they neednot notify ead other of domain evert directly.

1.4.1 An example constrain t in JCHOCO

An implementation of the < (strictly lessthan) constraint is shovn in Listing 1.5. It
illustrates most of the basictechniques of programming custom constraints in JChoco :

Line 3 Notify the superclass(and indirectly the AC-5 algorithm) of the variables in-
volved in the constraint.

Line 4 Create cornveniernt aliasesfor the variables involved.

Lines 6-9 An increasein the lower bound of v1 cannot result in lossof support for any
value. This is becauseany value v in v0O that was supported by the lower bound
must still be supported by alarger value (v < v1.inf < anything elsein v1). When
v0's lower bound is changedonly valuesin v1 that are greater than the new lower
bound are still supported, this changein the v1's domain is achieved by changing
its lower bound (line 8).

Lines 10-13 Symmetric with awakeOnInf() .

Lines 14-19 The reasoninghereis a special caseof awakeOnlInf() and awakeOnSup()
When V0 is instantiated ewverything in v1 must now be bigger than it. When v1 is
instantiated everything in vO must be smaller than it.
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class NLT extends AbstractBinlntConstraint {

public NLT(IntDomai nVar vO,
super (v0, v1);
this.v0 = vO;

I nt Domai

this.vl = vi;
}
public void awakeOnl nf (int idx)
if(idx == 0 & vl.getlInf () < vO.
vl. setlnf (v0.getInf () + 1);
}
public void awakeOnSup(int idx)
if(idx == 1 & vO0. getSup() > vl.
vO0. set Sup(vl. getSup() - 1);
}
public void awakeOnl nst (i nt
if (idx == 0)
vl. setlnf (v0.getVal () + 1);
el se
v0. setSup(vl.getVal () - 1);

i dx)

}
public void awakeOnRem(int idx, int
if(idx == 0 & a < v0.getlInf())
awakeOnl nf (i dx);
else if(idx == 1 && vl. getSup()
awakeOnSup (i dx) ;
}
public void awakeOnRenoval s(int idx,
throws ContradictionException {
whi | e( del t aDomai n. hasNext ()) {
awakeOnRem(i dx, deltaDomain.
}
public void awake()

awakeOnl nf (0) ; awakeOnSup(1);
}

nVar vl1) {

throws ContradictionException {

getInf () + 1)

throws ContradictionException {

getSup() - 1)

throws ContradictionException {

a) throws ContradictionException {
< a)
Intlterator

del t aDomai n)

next ();

throws ContradictionException {

Listing 1.5: A JChoco constraint for <
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Lines 20-25 When an individual value a is lost from vO then it can only causethe loss
of support for a value in v1 when it was a lower bound. In this casethe code for
awakeOnInf(0) doesthe correct propagation. The reasoningfor a lossfrom vl is

symmetric.

Lines 26-30 No special reasoningfor removal of multiple values,just repeatedly apply

procedurefor removing one value.

Lines 31-33 Only insu cien tly low valuesin vO and insu cien tly high valuesin v1
may be unsupported. Thesewill be clipped by the proceduresin awakeOnInf()

and awakeOnSup()



Chapter 2

Background in species trees

\A tree's a tree. How many more do you need to look at?"| Ronald Rea-
gan

\If a frog turned into a monkey, shouldrt you have lots of fronkies?"|
Bishop Wayne Malcolm

2.1 Trees

A tree is a connected,acyclic, undirected graph. A rooted tree is a tree in which there
is a distinguished node called the root. Let x and y be nodesin a rooted tree T with
root r. A node is an ancestor of x if and only if it lies on the unique path from r to
X. Converselyy is a desendent of x if and only if x is an ancestorof y. If y follows
x on somepath from the root then y is x's child and x is y's parent. Henceonly the
root node has no parent. A node with no children is called a leaf, anything elseis an
internal node. The degree of a node is the number of children it has. The height of a
tree T is the length of the longest path in the tree. The depth of x is the length of the
path to it from the root. The most recent common ancestor (m.r.c.a.) of x andy is the
node with greatestdepth that is an ancestorof both x and y. In this de nition of trees
the children are implicitly unordered. For an illustration of all the above conceptssee
Figure 2.1.

A bifurcating tree is a tree in which every internal node has degree2, suc a tree is
shown in Figure 2.2.

root node the parent of y,
/an ancestor of z,
m.r.c.a. of wand z

yRa child of x

an internal node

a node with degree 2

path
drawn w z®a descendent of x
a leaf
as a T a node
heawer a node with
line an'edae degree 1
g and depth 2
An unrooted tree A rooted tree with height 3

Figure 2.1: lllustrations of trees and related de nitions

13
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Figure 2.2: A bifurcating tree labelled by node depth.

2.2 Ultrametrics

A metric[Wei074 is a nonnegative function g(x;y) that provides a sort of \distance"
betweentwo valuesx and y in a setS. It must

satisfy the triangle inequality that 8x1;X2;X3 2 S;9 a permutation Xp,;Xp,; Xp;
S.t.
9(Xpys Xp) + 9(Xpys Xps)  9(Xpys Xps),

be symmetric sothat 8x;y 2 S, g(x;y) = g(y; x), and
be such that 8x 2 S, g(x; x) = 0.

For exampleif S is the set of all towns then the distance betweentowns asthe crow
ies is a metric.
An ultrametric[Wei07b]! is a metric that replacesthe triangle inequality with

8X1;X2;X3 2 S;9 a permutation Xp,; Xp,; Xp; S.t.
9(Xp1sXps)  MIN(G(Xpy; Xps); I(Xpz 3 Xps))

i.e. there is a tie for the minimum.
An example of an ultrametric that will have somerelevancelater in this Chapter is:

Theorem 1. The depth of the m.r.c.a. of leavesin a bifurcating tree is an ultrametric.

Proof. The symmetry property holds becausethe m.r.c.a. property is symmetric, i.e. X's
m.r.c.a. with y is the sameasy's m.r.c.a. with Xx.

The g(x; x) = 0 property is vacuous,becausethe m.r.c.a. of a leaf node with itself is
unde ned.

The strengthened triangle inequality holds because,in a bifurcating tree, for any
choice of 3 leaves, either (1) two are in one subtree of the root and oneis in the other,
or (2) all arein the samesubtree. In case(1l) the m.c.r.a. of the pair is the samesubtree
has depth > 0 but the m.r.c.a. for pairs in di erent subtrees of the root have depth
0. Case(2) requires proof by induction: apply the above argumert to the subtree that
the leaves are in, if the root of the subtree is the m.r.c.a. then we have reduced the
problem to case(l), otherwisetry case(2) again (eventually (1) must work becausethe
m.r.c.a. always exists). O

Strictly the de nition is that of a min-ultr ametric, but we will make no distinction in this report
between variants of the Um relationship.
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2.2.1 Ultrametric matrices

The de nitions in this section are basedon those in [Gus97.

De nition 1. Let D be areal symmetric n n matrix. An ultrametric tree for D is a
rooted tree T suchthat:

1. T hasn leaves, each corresmnding to a unique row of D;
2. eachinternal node of T has at least 2 children;

3. for any two leavesi and j, D(i;j) is the lakel of the most recent common ancestor
ofi andj; and

4. along any path from the root to a leaf, the labels strictly increase.

Such a tree and matrix are shown in Figure 2.3.

abcde !
alo 3 1 1 1] 2
b|3 0111 3
c|1 10 42 4
d{1 140 2
e_l 1 2 2 0_ 1 2 3 45
(@) Symmetric ma- (b)  Ultrametric
trix D tree T for D

Figure 2.3: Correspondencebetweensymmetric matrix and ultrametric tree

De nition 2. A symmetric matrix D is an ultrametric matrix if and only if for every
setof 3 distinct indicesi, j and k, there is a tie for the minimum of D(i; j), D(i; k) and
D(j; k); and D(i; i) = O for all i.

For example,the matrix in Figure 2.3(a) is an ultrametric matrix. It should be clear
that this de nition meansthat an ultrametric matrix describesan ultrametric distance
function.

There is a correspondencebetween ultrametric trees and ultrametric matrices that
will be important in this project:

Theorem 2. A symmetric matrix D has an ultrametric tree T if and only if it is an
ultrametric matrix. Furthermore, the tree T uniquely determinesthe matrix D and the
matrix D uniquely determinesthe tree T.

Proof. Givenin [Gus97. O

The result and the proof itself have seeral practical repercussions:

The uniguenesspart meansthat treesand matrices are interchangableand we will
take advantage of this property by solving the supertree problem using ultrametric
matrices instead of ultrametric trees (Section 2.5).

The proof of the ( direction is constructive and it provides an algorithm for
creating an ultrametric tree from an ultrametric matrix. The existenceof such an
algorithm enablesthe use of the particular constraint modelling that was usedto
solve the supertree problem (Section 2.5.3).
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2.3 Species trees

The theory of ewlution by natural selection (see [Daw06]) is an explanation of how
complex speciescould arise from simpler antecedens. The basic theory is that within

speciesindividuals have di erent characteristics (or adaptations) due to genetic muta-
tion. Those adaptations that help their possessordo survive and reproduce will be
present in a higher proportion in the next generation comparedto unhelpful adapta-
tions. This is by virtue of the fact that children inherit their parents' genesand hence
their adaptations.

This aloneis enoughto explain how generationscan adapt within speciesto changes
in their habitat, but it remainsto explain how speciation can occur?. Speciation occurs
as a result of limited mating wherely adaptations are no longer spread approximately
uniformly through the genepool and hencecertain subgroupsof the speciescan develop
certain adaptations in greater proportion. Selective mating can occur as a result of

physical barriers whereby mating betweenthe divided groupsbecomesmpossible,
e.g. the formation of a dividing range of mountains or the disconnection of two
elewated areasof land by water;

by sexual selectionwhen individuals reproduce with other individuals who are in
someway similar to themselhes, e.g.cichlid sh femalesthat needlesslymate only
with similarly coloured males;

human intervertion, e.g.dog breeding;

and many more. (see[Var07b] and [DWO04])

Thesedivergert subgroupswill becomeseparatespecieswhen ead subgroup devel-
ops an adaptation that is individually neutral or positive, but which is negative when
combined with the other group's adaptation. This is becausethe o spring of the two
populations have becomeunviable, individuals that do not interbreed will be advan-
taged, and a genefor this behaviour will tend to dominate the genepool as a result.

Sud speciation can be drawn as a rooted bifurcating tree (a species tree in the bio-
logical parlance), where internal nodesrepresernt ancestral speciesand leaves represert
new species. SeeFigure 2.4 for an example of this sort of tree.

A well-known exampleof this is the relationship betweenhumansand the Pan group
containing chimps and bonobos (see Figure 2.5). Our most recert common ancestor
(m.r.c.a.) with the chimp was probably super cially more similar to chimps than to
humans. It is believed that the formation of the Rift Valley in Africa is the event that
heralded the divergenceof the human and chimp lines. Contrary to popular belief, we
are not descendedfrom chimps, but rather sharethis now extinct m.r.c.a. with them.
Chimps and bonobos are in turn commonly descendedirom a di erent m.r.c.a. which
is more recert than that of chimps and humans. Humans are equally closely related to
chimpanzeesand bonobos.

This example demonstratesa few key features of speciestrees:

2Dawkins[DWO04] de nes a speciesby saying that two types of animals are dierent specieswhen
they cannot together produce o spring. Hence a speciesis a set of animals where each (male,female)
pair could technically reproduce together. The meaning of \sp ecies" is a subject of much disagreemert
amongst biologists but we can avoid getting boggeddown in this discussionbecausethe intuitiv e meaning
that they are the \same kind of animal" will suce. For a general discussionsee[DWO04].

3Again, biologists would disagreewith this becausethere is evidenceto believe that genetic material
has jump ed from subtree to subtree, creating a cycle. From example from page 395 of [DWO04], cell
mito chondria usedto be a free-living liveform, but it is now part of animal cells. This would create an
edgebetweentwo di eren t subtrees.
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Figure 2.4: CharlesDarwin's rst sketch of an ewlutionary tree from his First Notelook
on Transmutation of Species (1837)

'\'é Human

(homo sapiens)

Bonobo
(Pan paniscus)

6 million years ago.

2 million years ago
Chimpanzee
(Pan troglodytes)

Figure 2.5: Tree of life fragmert involving humans and chimpanzees.Dates taken from
[DWO04]. Chimp images: H. Vannoy Davis ¢ California Acadeny of Sciences.
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1. they are bifurcating becausegroups split in two at divergenceewerts;
2. the leavesare the resultant species;

3. the internal nodesare ancestralspeciesthat are assumedto be extinct (superceded
by the resultant species);

4. ead pair of specieshasa m.r.c.a.;

5. if the internal nodes were labelled with a divergencedate (e.g. years since the
formation of the planet) then the labels would increaseon paths from the root;
and

6. a speciestree neednot contain every single species,but non-trivial trees contain
3 or more.

The clear corresppndencebetween these facts and De nition 1 above demonstrate
that speciestreesare ultrametric. Hencein solving computational problemswith species
treeswe can exploit their dual represenation asultrametric matricesif this is worthwhile
for reasonsof easeof programming or e ciency .

2.4 The supertree problem

We can now discussthe immediate badkground to the work presered in this report:
solving the supertree problem e cien tly.

The supertree problem is to take a set S of speciestrees and to produce another
speciestree T that contains all the speciesin S and is consistent with ewery tree in S.
Precisely a tree U is consistert with the result T if and only if U = T®where T%is
obtained by doing the following:

1. Let R bethe setof leavesof T that arein U.

2. Obtain T%by removing leavesfrom T that arenot in R aswell asany edgesincident
to them.

3. To obtain T% wherewer there is a path consisting of degreel nodesin T? replace
it with a single edge.

For examplesof compatible and incompatible trees seeFigures 2.6 and 2.7.

2.4.1 Applications of the supertree problem

The supertree problem has practical applications in biology where systematists attempt
to build the complete tree of life. It would be too great a task for a personor group
of people, and the data doesn't exist to automatically build a complete tree of life.
Hence only trees involving subsetsof all speciesare available. A solution to the su-
pertree problem can be applied to thesetreesto obtain a supertree that consenesall
the relationships betweenthe species. This is most worthwhile when input trees have
speciesin common, becauseit may allow new relationships to be inferred. For example
in Figure 2.8, tree S says that monkeysand men are more closelyrelated to ead other
than to mice, and tree T says that mice and molesare more closelyrelated to ead other
than to monkeys. From this we caninfer that monkeysand men are closerto ead other
than to moles(tree R in Figure 2.8)!
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U
./>\. T
a d e T'=U
R={a,d,e}
T VN
a d e
a d e
a b c d e

Figure 2.6: An exampleof a tree U compatible with atree T

TI

L

a d e T'3U
R={a,d,e}
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Figure 2.7: An exampleof a tree U not compatible with atree T
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Figure 2.8: Two trees and a supertree. Monkey and mole images: ¢ Dave Mangam.
Mouseimage: GeorgeW. Robinson ¢ California Acadeny of Sciences
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2 2

Figure 2.9: The equivalencebetweentriples and fans

UM
and construction
input fan model species
trees tree
— BREAKUP
triples and fans Imperative
solution

Figure 2.10: Overview of solutions to the supertree problem

2.4.2 Problems with real biological data

Methods usedto derive trees may be approximate or subjective, hencedi erent trees
may contradict ead other. Biologists may be able to resolve theseinconsistencies[KP02
but our formulation of the supertree cannot produce a result.

Another problem is that although the tree of life ought to be strictly bifurcating, in
the absenceof data biologists may make the m.r.c.a. for 3 or more speciesbe the same.
This type of structure is called a fan. They are saying that they do not know which
speciesdiverged rst and they do not want to commit. Thankfully this is equivalert to
normal bifurcation and neednot be treated separately The equivalenceis that a fan is
indistinguishable from two connectedinternal nodeswith the samelabel, seeFigure 2.9
for a demonstration. Howewver our de nition of an ultrametric tree was that the labels
strictly increasefrom the root and an implementation involving fans needsto remove
the strictness requiremert.

2.5 Solutions to the supertree problem

A variety of algorithms for solving the supertree problem have been proposed (see
[NW96] for one of them). Recerly in [GPSWO03] and [Pro06] constraint programming
techniques have beenapplied to the problem with somesuccess.In this sectionwe will
describe somepreviouswork in theseareasand identify the speci ¢ problem this project
addresses.

Briey , the approac taken in the above cited solutions is to break input trees up
into a minimal set of ultrametric treesof size3 that describe them completely, and then
to nd one or more trees compatible with all of these. For imperative and constraint
programming solutions the rst stageis identical but the secondstageis quite radically
di erent. SeeFigure 2.10for an overview.
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BREAKUP( ) :{(ab)c}UBREAKUP(/<\) ={(ab)c, (ac)d}
a b c d a c d

Figure 2.11: The BreakUp algorithm

2.5.1 1st stage|breaking up the input trees

The BreakUp algorithm preseried in [NW96] takesasinput a speciestree and returns
a set of triples and fans that completely describe the tree. A triple (bga says that
speciesb and ¢ are more closely related to eat other than either is to a. A fan abc
says that a, b and c should be pairwise equally closely related. An understanding of
ewlution suggestghat fansshould be impossible,however their purposeis not to assert
the relationship actually exists but to represen a lack of knowledge about what the
true relationship is (seeSection 2.4.2). Henceabccan be read as \either (ab)c, (ac)b or
(bga".

If m(x;y) is the m.r.c.a. function for the input tree then (abc meansm(a;b) >
m(a;c) = m(b;c).

Details of the BreakUp algorithm are not important for this project, but for an
example execution seeFigure 2.11.

Intuitiv ely, the set of triples and fans producedby the BreakUp algorithm describe
relationships between certain subsetsof the nodes, but it is possibleto derive any re-
lationship that existed in the input tree by inference. This correspondsto an intuitiv e
understanding that the BreakUp algorithm retains all the information in the tree but
usesan alternativ e represenation. In Figure 2.11the relationship (bgd doesnot appear
in the output but it can be inferred from the other triples as follows:

From (ab)c we have m(a;b) > m(a;c) = m(b;c) and from (ac)d we have m(a;c) >
m(a;d) = m(c;d). Hencem(b;c) = m(a;c) and m(a;c) > m(c;d) and so m(b;c) >
m(c;d).

From Theorem 1 we know that the m.r.c.a. function is ultrametric and so either
m(b;c), m(b;d) and m(c;d) are all the sameor two are the sameand one is greater.
Sincem(b;c) > m(c;d) are dierent we can infer that m(b;c) and m(b;d) must be the
same,i.e. m(c;d) = m(b;d).

Hencem(b;c) > m(c;d) = m(b;d) and we have derived (bgd as required.

We will now formalise this notion that the triples and fans describe the tree:

Theorem 3. The input tree T to the BreakUp algorithm is the unique tree compatible
with all of the triples produced by BreakUp .

Proof. Givenin [NW96]. O

Corollary 1. Any relationship in the input tree T to BreakUp must be able to be
inferred from the result triples.

Proof. By equivalenceof (abjc and m(a;b) > m(a;c) = m(b;c), and Theorem 3. O

2.5.2 2nd stage|solving the supertree problem

[NW96] describes an imperative algorithm using BreakUp as a preprocessingstep.
This runs in around O(n3) time where n = the number of speciesin the tree*. This
algorithm can nd either one solution or all solutions.

4The complexity proved in the paper is tighter than this, but here it is simplied becauseonly the
fact that it is polynomial and the rough exponent matters for our purposes.



CHAPTER 2. BACKGROUND IN SPECIES TREES 22

Two slightly di erent constraint modelshave beenproposedto solve slightly di erent
problems:

25.2.1 The [GPSWO03 ] model

This model is intended to solve the basic supertree problem of taking a set of input trees
and constructing one or more trees consistert with all of them.

The variables are a symmetric n n matrix M of integer variables with domains
1;:::;n 1 or 0 onthe main diagonal. Variable M (i; j) is the depth of the m.r.c.a. of
speciesi and j. The reasonfor the 1;:::;n 1 domainsis that theseallow a distinct
label to be givento every layer cortaining leaf nodesin a tree with the maximum depth
ofn 1.

First, constraints are posted to make the whole matrix ultrametric, thus ensuring
that any resulting speciestree is ultrametric:

M(i;j) > M(i; k) = M (j; k)
M(i; k) > M(i;j) = M(j; k)

_ MG > M (i) = MK @D
_ M(@j) =M@ k) = M(j; k)
for eah i < j < k. Furthermore for ead triple (ij )k the constraint
M(i;j) > M(i; k) = M (j; k) (2.2)
is posted and for ead fan ij k
M(i;j) = M(i; k) = M(j; k) (2.3)

is posted. Thesecongtraints break the disjunctions of 2.1to allow a meaningful solution.
The model has "5 variables and

t4f+Cma)=t+f+ 0 lé(” %) = om3 + 0(n%) + O(n) = OM®)  (2.4)

constraints, where t is the number of triples and f the number of fans. There are
O(n?) of eath becauseead one breaks the disjunction in at most one constraint from
Equation 2.1, and there are O(n3) of them.

2.5.2.2 The [Pro06 ] model

This model setsout to solve a slightly di erent problem whereinstead of the M variables
represening a depth in the tree, they represen a possiblerange of divergencedates for
that internal node. This meansthat using the M variables as seard variables would
not work becausewe do not want them to be instantiated. Instead they should cortain
a possiblerange of values. For this reasonan auxiliary D(i; j; k) variable is added for
eahh i < | < k, eath has a domain of 1;2;3;4 and represents the relationship choice
made for the 3 species. 1 meansthat i and j are most closely related, 2 that i and k
are closest,3 that j and k are closestand 4 that all 3 are equally close. This is encaded
by replacing the constraints in Equation 2.1 with

D@ k) = 17 M(i;]) > M (i k) = M (j; k)
D(;j; k) = 22 M(i; k) > M (i;]) = M(j; k)
D(i;j; k) = 3" M(j; k) > M (i;j) = M (i; k)
D(i;J; k) = 47 M(i;j) = M(i; k) = M (j; k)

(2.5)
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and making D bethe seart variables.

Another di erence is that instead of posting the constraints in Equations 2.2 and
2.3 the triples and fans can be posted by instantiating a D variables, e.g. for fan (ij )k
set D (i; j; k) to 1.

The number of ultrametric constraints in this model is still O(n?), but ead is more
complex. All the constraints for triples and fans have beenremoved.

2.5.3 3rd stage|Pro ducing a tree

Using the constructive proof of the ( direction of Theorem 2 a tree can be produced
from the ultrametric matrix of variables and this tree is the nal result.

2.5.4 Adv antages and disadv antages of a CSP encoding and the aims
of this pro ject

The main motivation for a CSP solution to a problem is that models are comparatively
easyto derive and to change, whereasimperative solutions can be very resistart to the
addition of side constraints. A casein point is that the addition of ancestraldivergence
dates which is almost trivial in CP would require a complete rethink of an imperative
solution. It also becomeseasierto optimise solutions by a scoring function, perhapsto
weight tree evidenceaccording to biologists' con dence in it and so produce the tree
with the greatest overall weight of evidence.

Somedrawbacdks with the constraint solution to the supertree problem is that the
worst casetime complexity may be aspoor as O(n”z) and the spacecomplexity is O(n?)
with a large constart factor. The practical repercussionof this is that modest sized
speciesdata cannot be loaded into the memory of a typical workstation, and that the
algorithm from [NW96] can solve problemsin reasonabletime that the constraint model
cannot. Later in this report we will shav that for both constraint models the worst
casespacecomplexity has beenimproved to O(n?). Furthermore, a preliminary result
regarding the time complexity of the rst model has improved it to O(n*%). Another
possibleimprovemen to the speci ¢ modelling preseried in [Pro06] is that it may be
possibleto maintain a higher level of consistencyin the ultrametric constraints, thus
reducing the size of the seard space.

This project is a contribution towards solving theseproblems of time complexity and
spacecomplexity and a cortribution towards a better understanding of the constraint
model asa whole. This wasadieved by designingand implementing custom constraints
for Equations 2.1 and 2.5 doing generalisedbounds arc consistency. Next they were
adapted to occupy constart space. Finally a comparative study of thesedi erent con-
straints to the benchmark implementation was carried out.



Chapter 3

3 variable constrain ts

\After three leaps, evena toad needs a rest."| Chinese proverb

In this sectionse\eral designsof 3 variable ultrametric constraints will be presened,
proved correct and implemented.

3.1 Intro duction

The ultrametric constraint on 3 variables (henceforth, Um-3) constrains 3 variables x,
y and z asfollows:

X>ys=
y>x=
zZ> X =
X=y=

(3.1)

N< N N

The intuition to bear in mind for this is that it makes sure that there is a tie for the
least elemernt of the three, i.e. either all three are the same,or two are the sameand the
other is greater.

A pre-existing Um-3 constraint from work by Prosserand others (see [GPSWO03
and [Pro06]) implemented in JChoco is the baselineagainst which the new constraints
preseried in this chapter are to be measured. It is described in Section 3.3 to set
the scene. The problem with the constraint is that it is implemented as a compound
constraint involving 23 otherst, and usesapproximately 23 times the spacethat a single
Um-3 constraint would. The hugereduction is memory usagethat would result from use
of a custom constraint would allow larger speciesproblemsto be loadedand in addition
it might achieve the sameor better propagation in lesstime, meaning problems could
be solved quicker.

In addition to this improvemert, the particular circumstancewherethis constraint is
to be usedin the speciesmodel can be exploited by the useof a whole matrix constraint.
Now the whole matrix could be constrained to be Um in constart spaceand so the
memory occupied by the whole model would be improved from O(n?3) to O(n?), sinceit
is now dominated by the constart spacerequired for ead variable in the matrix, rather
than the constraints on it. The matrix constraint may also run faster than the custom
constraint and will maintain the samelevel of consistency

Finally we will seean experimental forward cheding constraint that was originally
intended as a straw man but endedup being surprisingly e ectiv e in practice, aswill be
shown in Sections5.1.3and 5.2.2.7.

1Count the occurencesof pb.and, pb.eq, pb.gt andty.or in Listing 3.1to seehow many constraints
are involved in the whole thing.

24
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// Put together a few built-in constraints to do ultrametric constraint
// over 3 variables.
public class Tool kitUn3 ({
public static Constraint nakeU tranmetric(lntDomainVar x, |ntDomainVar vy,
I nt Domai nVar z) {
Abstract Probl em pb = x. get Probl em();

Constraint Ul = pb.and(pb.eq(y, z), pb.and(pb.gt(x,y),pb.gt(x,z)));
Constraint U2 = pb.and(pb.eq(x, z), pb.and(pb.gt(y,x),pb.gt(y,z)))
Constraint U3 = pb.and(pb.eq(x,y), pb.and(pb.gt(z,x),pb.gt(z,y)))
Constraint W4 = pb.and(pb.eq(x,y), pb.and(pb.eq(x, z), pb.eq(y, z)));
Constraint U5 = pb.or (UL, pb.or (W2, pb.or (U3, W)));

return U5;

Listing 3.1: Implementation of Toolkit-Um-3

3.2 Expected and intended behaviour of the UM-3 con-
strain t

distinct satisfying assignmentsfor Um-3 is %n(Sn 1).

Proof. Either all the valuesin the assignmen are the same, or the largest value is in
one of three positions and the other two must be smaller. In the former casethere
are n assignmets, one for ead value in the domain of the variables. In ead of the
latter casesthe larger value can be assignedn;n  1;:::;2 and theseleave respectively
n 1,n 2;:::;1waysto assignthe remaining two variablesidentically. Henceby the
sum rule[Ros9g thereare(n 1)+ (n 2)+ :::+ 1= %n(n 1) ways to assignin
eat of these cases. Hence, by another application of the sum rule, overall there are
n+ 3%n(n 1) = 5n(3n 1) assignmers as required. O

This fact suggestsan informal way to test implementations of the Um-3 constraint,
by ensuringthat it returns the correct number of solutions when postedover 3 variables

tightnessof the Um-3 constraint becausethe number of correct instantiations is %n(Bn
1) out of n® in total.

More con dence in an implementation can be provided by proving the theoretical
correctnessof a constraint. This involves proving that no values are removed from
domains during propagation that could be part of a solution. All the constraints in this
chapter are either evidertly correct, or a proof is provided. In some casesproofs will
be given that a constraint maintains a certain level of consistency for exampleto prove
that a binary constraint maintains AC we must prove that after propagation any and
all valuesin both domainsare supported by at leastonevalue in the other domain. This
notion generalisesn an obvious way to other levels of consistency

3.3 The TOOLKIT-UM-3 constrain t

The toolkit constraint usesinbuilt constraints provided by JChoco . It is trivially easy
to create and the generalidea is guaranteed to be correct since the de nition of the
constraint in code is almost identical to the mathematical de nition. There remains a
slight possibility that a particular solver will be incomplete or unsound, but if this was
the caseno constraint implementation could ever be guararteed to be correct!

The implementation in Listing 3.1 is a factory for Um constraints, the resulting
constraint should be posted by the caller. There is a clear equivalence between this
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implementation and Equation 3.1, exceptthat in ead conjunction the 3rd constraint is
redundant?.

3.4 The CUSTOM-UM-3 constrain t

In this section, we will describe the designof a Um-3 constraint maintaining generalised
bounds arc consistency(GBA C). GBA C is a combination of BAC and GA C; what it

meansfor an n-ary constraint is that the upper and lower bounds of ead variable must
be involved in a satisfying assignmen with arbitrary valuesin all of the othern 1
variables, i.e. they must be supprted. There remainsthe possibility that a value in the

middle of a domain could be unsupported.

3.4.1 Analysis of casesfor lower and upper bounds

Once propagation is complete ead bound b must be supported, either

by v the sameasit and w greater than it (b= v < w), or
by v and w the sameasit (b= v = w), or

by v and w smallerthan it (b> v = w).

Sincethis is avery important notion and to recapitulate, this meansthat every bound
must be assaiated with a value in ead of the other two domains sothat there is a tie
for the minimum amongthe 3 values. An unsupported bound must be removed from the
domain and a supported bound must not beremoved. Due to the properties of the seard
algorithms propagation is not done when any domain is empty (seeSection 3.4.2.1).

We will rst preser the procedureLBFix (Listing 3.2) usedto make sure all lower
bounds (I.b.s) are supported, then shov why it works. The intuitiv e understanding
of the procedureis that when an L.b. is strictly lessthan the other two, it cannot be
supported becausein Um there is always a tie for the minimum value in 3. By removing
this overhang the l.b.s support ead other and the job is done.

let s be the smallest |ower bound
let mbe the mddle |ower bound
let | be the largest |ower bound
if(s is less than both mand |)
s:=m
Listing 3.2: Pseudaode for lower bound propagation procedure LBFix for Custom-
Um-3

The possiblestates of lower bounds when LBFix is applied can be divided into 13
cases(Figure 3.2), someof which are symmetric (1-6 and 8-10). The reasonwhy these
cover all possibilitesis that either all the I.b.s are dierent (1-6), or two are the same
and one di erent (8-13), or all three are the same(7); and that these possibilities can
be reorderedover the 3 variables.

Thesecasesshow the relationships betweenthe lower boundsat a point in time when
someboundsmay be unsupported. What thesediagrams are not supposedto suggestis
that, for examplein casel, the boundsdier by 1. Rather when two bounds are lined
up they are the samebound and when oneis di erent from another they are di erent
by somenon-zerobut unspeci ed amount. Hencethey describe the relationship and not
actual values. This intuition is eshed out in Figure 3.1.

2For reasonsunknown, the constraint maintains a lower level of consistency without the redundant
constraints. This may not be the casein other constraint toolkits and this issue underlines how unpre-
dictable the behaviour of constraint solvers can be.
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Figure 3.1: The intuition for understanding box diagrams
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Figure 3.2: Casesfor analysis of lower boundsin Um-3
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Lemma 1. The changesmadeto lower boundsby LBFix removeall unsupported values
and no supprted valuesare removel.

Proof. In cases(1)-(6) the lower bounds are distinct, the red shadedrange is unsup-
ported. LBFix setss m and sothe unsupported range is removed. The new l.b.s
shadedin greenare mutually supportivein the u > v = w con guration. In case(7) eah
I.b. is supported in the u = v = w con guration and LBFix makesno changes.In cases
(8)-(10) ead is supported in the u > v = w con guration and no changesare made.
Finally, in cases(11)-(13) the red shadedrangeis unsupported but LBFix 's e ect is to
remove it and the new lower bounds shadedin greenare mutually supportive. O

The corresponding procedureUBFix for upper boundsis only slightly more complex
(Figure 3.3):

let s, mand | be the smallest, mddle and |argest u.b.s respectively
(breaking ties arbitrarily)

let S, Mand L be the domains containing s, mand | respectively
if(s is less than both mand |)
if(S and L have null intersection)
m=s,;

else if(S and M have null intersection)
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Figure 3.3: Casesfor analysis of upper boundsin Um-3
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Listing 3.3: Pseudccode for upper bound propagation procedure UBFix for Custom-
Um-3

The possiblestarting statesfor UBFix canbe summarisedby the 13 casesshown in
Figure 3.3.

Lemma 2. The changesmade to upper bounds in carrying out UBFix remove all
unsupported valuesand no supported valuesare removel.

Proof. Let S, M and L be the domainswith least, middle and greatest upper bounds,
breaking ties arbitrarily . Let s, m and | bethe upperboundsof S, M and L respectively.

Cases (7) and (11)-(13): the upperboundsare mutually supportive, and no changes
result from the procedure.

Cases (1)-(6): If the gold shadedportion of the domain M is unsupported then line 5
of UBFix will trim it. The new upper boundsl, sand sof L, M and S are
mutually supportiv e.

If the gold shadedportion of M is supported and the magerta shadedportion of
L is not supported then it is trimmed by line 7 of UBFix . The new upper bounds
s, mandsofL, M and S are mutually supportive.

If the gold shadedportion of M and the mageria shadedportion of L are both
supported then S\ L 6 andS\ M 6 and sono changesresult from UBFix .

Cases (8)-(10): Supposew.l.o.g. that L is the domain shaded magena and M the
domain shadedgold.

If S\L= andS\ M = thenthe rst conditional branch at Line 4 is executed.
This results in line 5 removing the whole of domain M and this is correct because
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no valuesin M or L equal any value in S and sothere can be no tie of minimum
and no possibleinstantiation.

If S\ L = then the magena region can only ever be the maximum of three.
Hencethe gold regionis unsupported and is removed. This changemeansthe u.b.s
are mutually supportive.

For S\ M = , the argumert is symmetric.

3.4.2 The propagation algorithm

Having proved thesetwo Lemmas1 and 2 about LBFix and UBFix the ertire propa-
gation algorithm (Listing 3.4) can be presened:

if(receive notification of change in |ower bound)
do LBFi x
do UBFi x

else if(receive notification of change in upper bound)
do UBFi x

Listing 3.4: Pseudacode for Custom-Um-3 propagation

This works becausea change to an upper bound can only a ect the support for
other upper bounds, but a changeto a lower bound can a ect the support for both
lower and upper bounds. It would be correct to cycle between xing lower and upper
bounds repeatedly until all were supported, but we can save the e ort of chedking by
being careful only to do the minimum necessarywork.

Lemma 3. It is possiblefor a changein a lower bound to result in the loss of supprt
for another lower bound.

Proof. All the boundsin the diagram have support, but when the red shadedl.b. is lost

the gold shadedl.b. losessupport.

Lemma 4. It is possiblefor a changein a lower bound to result in the loss of supprt
for an upper bound.

O

Proof. All the boundsin the diagram have support, but when the red shadedl.b. is lost

the gold shadedu.b. losessupport.

The existenceproof of Lemma 4 doesnot adequately capture why this should be the
case. The reasonis that upper bounds may not be mutually supportive, meaning that
the lossof I.b. may remove support for a u.b. The opposite of the Lemma is not true,
because,as we will prove in Corollary 2, a changein an upper bound cannot possibly
causethe loss of support for any lower bound.

O
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Lemma 5. It is possiblefor the loss of an upper bound to causethe loss of support for
another upper bound.

Proof. All the boundsin the diagram have support, but whenthe red shadedu.b. is lost

the gold shadedu.b. losessupport.

Lemma 6. When lower bounds are supported, they supprt each other.

Proof. Consider 3 supported lower bounds. Supposefor a cortradiction that the two
least of theseare distinct. One of theseis distinct lowestand it cannot be supported on
accourt of the fact that it is not equalto anything or larger than anything. Therefore
by cortradiction the two least must be equal. Howewer the other L.b. is at least aslarge
asthese,sothe l.b.s are mutually supportive. O

As well ashaving an elegart little proof, this property of the algorithm will be of key
importance in later work, when we suggestthat with the addition of the new constraint
having this property, AC is now su cien t to solve the supertree problem without seard.

Corollary 2. It is impossiblefor a changein an upper bound to result in the loss of
support for a lower bound.

Proof. By Lemma 6 an I.b. retains support as long as the other I.b.s are intact, hence
losing an upper bound has no e ect. O

This Corollary suggeststhat a further improvemert on the algorithm in Listing 3.4
is to executeLine 3 if and only if the I.b. lost is the only remaining support for a u.b.
Howewer, the conditionals intrinsic in UBFix amount to much the samething and there
is little point in repeating them.

The point of all these proofs has beento build up a complete proof of correctness
and proof of GBA C status for the Custom-Um-3 constraint:

Theorem 5. The procedure in Listing 3.4 does GBA C propagation for the Custom-
Um-3 constraint.

Proof. The rst thing to establishis that no valuesare removed from domains during
propagation that could be part of a solution, this is immediate from Lemmas 1 and 2
becauseany valuesare removed as a result of the corresponding procedures.

The next thing to establishis that the lower bounds are made as big as possibleand
the upper boundsassmall aspossible. In the caseof the lower bounds, by Lemma 3 and
Corollary 2 we know that only the lossof a lower bound canresult in the needto change
a lower bound during propagation. Also, by Lemma 1 the lower bound proceduremakes
the lower bounds as large as possible. Hencethe algorithm in Listing 3.4 propagatesin
all the necessarycasesand doesthe largest possibleamourt of propagation, asrequired.

In the caseof upper bounds, by Lemmas4 and 5 the lossof either a lower or upper
bound can result in the needto change an upper bound. By Lemma 2 the upper
bound procedure makesthe upper bounds as small as possible. Hencethe propagation
algorithm in Listing 3.4 propagatesin all the necessarycasesand doesthe largestpossible
amount of propagation, as required. O

This propagation algorithm runs in O(1) time.
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3.4.2.1 A note on domain wip eouts

If at any point in propagation a domain empties, propagation will stop and the seard
algorithm will badktrack. Domain wipeoutscomplicate matters becausdat might seemas
though I.b.s and u.b.s are changing simultaneously, but in fact the propagation algorithm
will never be invoked and soit doesn't matter.

3.4.3 Implemen tation

A Java implementation of the constraint conformart with the JChoco library is shown
in Listing 3.5.

Line 1 The constraint indirectly implemerts the AbstractintConstraint interface, so
it can be postedinto a JChoco model.

Lines 2-7 An object of this classrepresens a sequenceof 3 variables, which will be
sorted by lower or upper bound.

Lines 8-10 Notify the parent classof the variables the constraint is posted over, this
is how the new constraint arrangesto receiwe propagation everts.

Lines 11-14 Implement fragmernt of propagation algorithm in Listing 3.4 that does
l.b. propagation.

Lines 15-19 Implemernt the rest of Listing 3.4 to do u.b. propagation.

Lines 20-24 Beforeseardr commencesarc consistencyis establishedand in the process
this method will beinvoked. First x the lower boundsand then the upper bounds.
Sincechangein u.b.s can't a ect support for I.b.s this is su cien t.

Lines 25-29 Instantiation is when a domain is reducedto a single value and it is like
both the lower and upper bounds changing. It su ces to ched both boundsin a
safeorder.

Lines 30-36 Ignore lossof non-bound values.
Lines 37-44 Straightforward implementation of LBFix .

Lines 45-56 Straightforward implementation of UBFix .

The utilit y function nullintersection() in Listing 3.6 returns true if and only if
the two variablesit is supplied with have non-overlapping domains. It works by cheding
whether the lower bound of either domain is strictly greater than the upper bound of
the other.

The function sortOnInf() in Listing 3.7 takes3 variablesand returns them in sorted
order by lower bound. It usesa xed comparisonsorting procedurefor 3 elemens that
usesat most 3 comparisonsfor any input. This procedureis optimal in terms of the
worst casenumber of comparisons,becausef there wasto be a procedurethat usedat
most 2 comparisonsthe \fattest" decisiontree with depth 2 would have only 4 leaves
and hencecould not produce 3! = 6 di erent results. Sincethis procedureis run at least
onceper propagation it pays to make it asfast as possible.
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1 public class CustonmUnB extends AbstractTernlntConstraint {
2 private class Triple {
3 I nt Domai nvVar s, m |;
4 public Triple(lntDomainVar s, |ntDomainVar m | ntDomai nVar 1) {
5 this.s =s; this.m=m this.l =1[;
6 }
7 }
8 public CustomnB( I nt Domai nvVar vO, |ntDomai nVar v1, |ntDomainVar v2) {
9 super (v0, v1, v2);
10
11 /'l call ed whenever an inf is changed
12 public void awakeOnlnf (int idx) throws ContradictionException {
13 fixlnfs();
14
15 /'l call ed whenever a sup is changed
16 public void awakeOnSup(int idx) throws ContradictionException {
17 fixlnfs();
18 fixSups();
19 }
20 /linitial propagation, just check uppers and |owers
21 public void awake() throws ContradictionException {
22 fixlnfs();
23 fixSups();
24
25 /'l when variable index <idx> is instantiated, just check both bounds
26 public void awakeOnlnst (int idx) throws ContradictionException {
27 fixlnfs();
28 fixSups();
29 }
30 public void awakeOnRem(int idx, int x) throws ContradictionException {
31 ;
32 }
33 public void awakeOnRempval s(int idx, Intlterator deltaDom)
34 throws ContradictionException {
35 ;
36 }
37 private void fixInfs() throws ContradictionException {
38 Triple si = sortOnlnf ();
39 int sInf = si.s.getlnf();
40 int mnf = si.mgetlnf();
41 int IInf = si.l.getlnf();
42 if(sinf !'= mnf & mnf 1= I1Inf)
43 si.s.setlnf(mnf);
44 }
45 private void fixSups() throws ContradictionException {
46 Triple ss = sortOnSup();
47 int sSup = ss.s.getSup();
48 int nmBup = ss.m get Sup();
49 int 1Sup = ss.|.getSup();
50 if(sSup !'= nBup) {
51 if(nulllntersection(ss.l, ss.s))
52 ss. m set Sup(sSup);
53 else if(nulllntersection(ss.m ss.s))
54 ss.|.setSup(sSup);
55 }
56 }
57 }
Listing 3.5: Implementation of Custom-Um-3
1 //return true if and only if v and w s domains have null intersection
2 private static boolean nulllntersection(lntDomainVar v, |IntDominVar w) {
3 return v.getlnf() > w getSup() || v.getSup() < w. getlnf();
4 }

Listing 3.6: A procedureto discover whether two domains have a null intersection
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private Triple sortOninf () {
int vOlnf = v0.getlInf();
int vilnf = vl.getlnf();
int v2Inf = v2.getlInf();
if(volnf <= vilinf)
if(vllnf <= v2iInf)
return new Triple(v0, vl, v2);
el se
if(vOlnf <= v2Inf)
return new Triple(v0, v2, vl);
el se
return new Triple(v2, vO0, vl);
el se
if(vOolnf <= v2Inf)
return new Triple(vl, vO0, v2);
el se
if(vllnf <= v2Inf)
return new Triple(vl, v2, vO0);
el se
return new Triple(v2, vl, vO0);

}

private Triple sortOnSup() {
/[l symetric with sortOnlnf ()
}

33

Listing 3.7: Implementation of optimal comparisonsorting procedurefor 3 items

3.5 The MA TRIX-UM-3

constrain t

In the speciesmodel, the constraint Um-3(M (i; j ); M (i; k); M (j; k)) is posted over the
matrix M for indicesi < j < k. This regular pattern canbe exploited by a whole matrix
Um-3 constraint which we will call Matrix-Um-3
for a variable M (i; j ), it will do normal Um-3 propagation on variablesM (i; j ), M (i; k)

and M (j; k) for all indices1 k

. On the receipt of a propagation event

nstké6iandk6 j, ie. exactly the sametriples

that would previously have had an explicit constraint over them.
For exampleif n = 4 and a changeoccursin M (1; 2) then Um-3 propagation is done

for
M(1,2); M(1,3) and M(2,3) and
M(1,2); M(1,4) and M(2,4)

but not for
M(1,2); M(1,1) and M(2,1) and

M(1,2); M(L,2) and M(2,2)

The reasonfor the improvemen in memory usageis that an explicitly stored exten-
sional represetation of which constraints have beenposted using O(n?) spaceis being
replace by a dynamically (and e cien tly) generated intensional represenation using
code occupying O(1) space.

The constraint is e ectiv ely mimicking part of the AC-3 algorithm sinceit:

1. Receiwesa propagation event on a variable.
2. Identi es which constraints are over that variable.
3. Arranges for the necessarypropagation to be done.

If the constraint makesany changesto domains then these changesare propagated by
JChoco 's underlying AC algorithm.

This propagation algorithm runs in O(n) time, sinceit may needto revisen 2
domains and ead revision runs in O(1) time, aswas stated in Section 3.5.
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3.5.1 Exp ected behaviour of MA TRIX-UM-3

From [Fel7g, the number of bifurcating treeswith n leavesis

(2n 3)!
2n 2(n 2)!
Provided that only a single Um matrix corresponding to ead \shape" of tree is
found (see Figure 5.1(d) for an example of di erent Um trees with the same shape),
the number of solutions to Matrix-Um-3 postedoveran n matrix of f1;:::;n 1g
variables is given by Equation 3.2. Howewer the standard model does not remove this
symmetry and further constraints would be required to do this.
An alternativ e way to test the constairt is by comparing results for a single Ma trix-
Um-3 constraint with result for a matrix-full of any other Um-3 constraints; they should
get exactly the samesolutions.

(3.2)

3.5.2 Implemen tation

The implemenation of the Custom-Um-3 (Listing 3.5) makes use of variables v0, v1
and v2 which tell it which variablesit is posted over; theseare its sole state. Henceas
an implemertation trick, we can copy the body of class CustomUmS8erbatim into the
body of a matrix constraint classand then manipulate these variables to corvince the
old CustomUmB8ode that it's doing the samejob it always did.In fact, it is responsible
for propagating se\eral of theseold-style constraints! In detail, if the matrix constraint
wants to propagate changesto M (i;j) it will set v0 M(i;j), vi M (i; k) and
v2  M(j; k) for eath k in turn and call fixLowers() and fixUppers() to propagate
into neighbouring variables eat time.

This key part of the implementation is reproducedin Listing 3.8. doPropagate() is
invoked wheneer the constraint receives a propagation evert a ecting lower or upper
bounds. SeeListing C.1 in Appendix C for a complete code listing of Matrix-Um-3

private void doPropagate(int idx) throws ContradictionException {
vO0 = getlntVar (idx);

int[] index = varTolndex.get(v0); //index of vO in M
int i = index[0]; int j = index[1];
for(int k = 0; k < n; k++) {
if(i '=k & j = k) {

vli = mat[i][k];

v2 = mat[j][K];

fixLowers();

fixUppers();

Listing 3.8: Excerpt from implementation of Matrix-Um-3

3.6 A lazy custom constrain t

The implementation of constraints is a tradeo between the number of nodesin the
seart tree (which is determined by consistencylevel) and the time spert at ead node
(which is dictated by the time to run the propagation algorithm). Henceewenif a lazy
constraint increasesthe size of a seard tree it can still beat an eagerconstraint that
takesa long time to run. This obsenation leadsto the Lazy-Um-3 constraint that waits
until two of the variablesit acts over are instantiated beforeit doesany propagation at
all. This is what a forward cheding constraint would do.

The constraint does nothing until it receives two noti cations that variables have
beeninstantiated. At this point the domainscould be in one of three states enumerated
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Figure 3.4: Casesin the analysis of Lazy-Um-3

in Figure 3.4, wherein eat casethe two leftmost variables are instantiated; supported
and unsupported valuesin the rightmost domain are colouredgreenand red respectively.
Justi cation of this is by inspection bearingin mind the de nition of Um. The constraint
simply reducesthe rightmost domain to contain only the showvn supported values.

An O(1) implementation of this is provided in Listing 3.9, but the following is a
line-by-line account of the interesting implemertation issues:

Lines 6-12 Ignore propagation events other than instantiations.

Lines 14-20 Function to return the number of instantiated variables. The reasoning
behind the implemertation of this function is surprisingly subtle. It might seem
asthough the number of instantiated variables could be tallied in a local variable,
howewer the seard algorithm could badtrack at anytime (thus un-instantiating
a few variables) and the tally would becomemeaningless. Another tactic would
be to use badtrackable storage which is restoredto ancestral valueswhen seart
backtracks, but this is ddly and introducesoverheadsto the seart process.In-
stead in this implemertation the answer is worked out from scratch every time
basedon current variable state maintained by the seard process.

Lines 43-62 Oncetwo variablesare instantiated, awakeOnlInst() cheds for the 3 cases
shown in Figure 3.4 and doesthe propagation indicated in the diagram.

3.7 The TOOLKIT-UM-3 constrain t revisited

The Toolkit-Um-3 constraint presenied in Section 3.3, Custom-Um-3 from Sec-
tion 3.4 and Matrix-Um-3  from Section 3.5 should all get the same answers, but
how much benet do the latter confer? In fact, we will showv below that Toolkit-Um-

3 doesnot enforce GBA C in any of the JChoco , ILog or ECLiIPSe solvers. Hence
a potentially large improvemen in the number of nodesneededduring seart hasbeen
obtained. Furthermore in Chapter 5 empirical resultswill shav that Custom-Um-3 also
runs much faster at ead node.

An exampleproblemx = f1;2;3g, y = f2;3g and z = f 3g with constraint Toolkit-
Um-3 was tried in the 3 toolkits listed above. No propagation happensin any of them.
Howewer when Custom-Um-3 is postedinstead, 1 2 x is correctly removed by propa-
gation.
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1 public class LazyUnB extends AbstractTernlntConstraint {

2 public LazyUnB( | nt Domai nVar vO, |ntDomainVar v1, |ntDomainVar v2) {

3 super (v0, v1, v2);

4

5

6 public void awake() throws Contradicti onException { ; }

7 public void awakeOnBounds(int idx) throws ContradictionException { ; }
8 public void awakeOnlnf (int idx) throws ContradictionException { ; }

9 public void awakeOnRem(int idx, int val) throws ContradictionException { ; }
10 public void awakeOnRenoval s(int idx, Intlterator vals)

11 throws ContradictionException { ; }
12 public void awakeOnSup(int idx) throws ContradictionException { ; }

13

14 public int countlnstantiated() {

15 int ¢ = 0;

16 if(vOo.islnstantiated()) c++;

17 if(vl.islnstantiated()) c++;

18 if(v2.islnstantiated()) c++;

19 return c;

20 }

21

22 /lreturn the variables vO, vl and v2 in an array with the instantiated ones
23 // before the uninstantiated ones

24 public I ntDomainVar[] orderlnst () {

25 I nt Domai nVar[] vs = new | nt Domai nVar [ 3];

26 int s =0; //nunmber of entries put at the beginning of array so far
27 int e =0; //nunmber of entried put at the end so far

28 if(vOo.islnstantiated())

29 vs[s++] = vO;

30 el se

31 vs[2-(e++)] = vO;

32 if(vl.islnstantiated())

33 vs[s++] = vi;

34 el se

35 vs[2-(e++)] = vi;

36 if(v2.islnstantiated())

37 vs[s] = v2;

38 el se

39 vs[2-e] = v2;

40 return vs;

41 }

42

43 public void awakeOnlnst (int idx) throws ContradictionException {

44 /11f zero or one variables are instantiated do nothing, if everything is
45 /linstantiated then we must previously have made sure that the remaining
46 /1 domain was fine. However if 2 are instantiated then we ensure that
47 /'l everything in the last uninstantiated variable is perm ssible.

48 if(countlnstantiated() == 2) {

49 I nt Domai nVar [] instVars = orderlnst ();

50 int i0 = instVars[O0].getVal (); int il = instVars[1].getVal ();
51 if(io >i1) {

52 instVars[2].setInf(il);

53 instVars[2].setSup(il);

54 } else if(il >i0) {

55 instVars[2].setlnf(i0);

56 instVars[2].setSup(iO);

57 } else { //i0 == i1

58 instVars[2].setlnf(iO);

59 }

60 }

61 }

62 }

Listing 3.9: Implementation of Lazy-Um-3
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In fact whatever level of consistencyToolkit-Um-3  enforces,it must be lessthan
GBA C. This is becaseead individual constraint in the model (like < and or) is doing
no more than BA C, and so they cannot do more than GBA C together. From above
Toolkit-Um-3  has beenobsened doing doing less propagation than Custom-Um-3 ,
which doesGBA C. HenceToolkit-Um-3  must be doing strictly lessthan GBA C.

In fact, tests have shavn that Toolkit-Um-3  never trims |.b.s under any circum-
stances,although it correctly trims u.b.s correctly in all cases.SeeAppendix A for the
details.



Chapter 4

4 variable constrain ts

\Even a toad has four ounces of strength."| Chinese proverb

4.1 Intro duction

As described in Section2.5.2.2,in [Pro06] the speciesmodel from [GPSWO03] was aug-
mented sothat the main ultrametric matrix M could hold rangesof values(correspond-
ing to rangesof possibleancestral divergencedates) and the seard variables changed
to be a 3-D vector D of decision variables In this model, for ead i < j < k there is a
decisionvariable Dj; x which holds values describing the relationship between variables
Mj , Mij and Mjk. The constraint postedto achieve this is as follows:

, V1> V2= V3
, V2> V1 =V3
, V3> V1= V2
N d:4, V1= Vo2 = V3

[cRNoRNoN
I
WN P
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Henceforth, this will be referred to asthe Um-4 constraint. The intuition for the d
valuesis to think of 1 2 d saying that v, is/can be greatest,2 2 d saying that v, is/can
be greatest, 3 2 d saying vz is/can be greatest,and nally 4 2 d represeting the nal
possibility of them all being equal.

What this meansis that a valuein d is supported only whenthe v's have valuesthat
can achieve that relationship, e.g. 4 is supported if ead of the 3 domains cortain some
value v. Conversely a v variable is supported if it takespart in a relationship speci ed
by one of the d values, e.g. vy can hold the distinct maximum out of vy, vo» and vz as
long asd holds 1. The meaning of this in a speciesmodel is that the d variable records
the species'relationship (e.g. m.r.c.a. 1 is more recent than m.r.c.a. 2 or 3) and the m
variables hold ranges of dates when this m.r.c.a. could have diverged (e.g. m.r.c.a. 1
betweentimes 1 and 3 and m.r.c.a 2 betweenO and 2). Sincethis is rather subtle some
exampleare shownn in Figure 4.1. In ead case,the greenshadedregionsare supported,
but the red regionsare not. In 4.1(a), 4 2 d is unsupported becausethere is no value
equalin all the domains, whereasin 4.1(b) this is not the case.In 4.1(c), the u.b. of v,
is unsupported but in 4.1(d) is it supported by 2 2 d.

If Um-4 is postedwith d = f1;2; 3;4g then it is equivalent to Um-3 asfar asthe v's
are concerned.

Theorem 4 in Section 3.2 states that there are %n(Bn 1) distinct instantiations of
the Um-3 constraint. This expressionalso givesthe number of distinct instantiations of
the Um-4 constraint becausethe v's uniquely determine d. The equation provides an
informal method of testing the correctnessof an implementation of the constraint.

38
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Figure 4.1: Someexamplesof supported and unsupported valuesin Um-4

public class Tool kituUmt {
public static Constraint makeFourVar (| ntDomainVar x,

| nt Domai nVar z,

| nt Domai nVar vy,
I nt Domai nVar d) {

Abstract Probl em pb = x. get Probl em();

return pb.and(pb.ifOnlylf (

pb.ifOnlylf (pb.
pb.

pb.ifOnlylf (pb.
pb.

pb.ifonlylf(

pb.
b. and( pb. gt (X,

p

pb.
pb.

eq(d, 1),

y).

pb. and(pb. gt (x, z),

pb.eq(y, z))),
eq(d, 2),
and(pb.gt(y, x),
pb. gt (y, 2z),
pb. eq(x, z))),
eq(d, 3),
and(pb.gt(z, x),
pb. gt (z, vy),
pb. eq(x, vy))),
eq(d, 4),
and( pb. eq(x, vy),
pb. eq(x, z),
pb. eq(y, 2))));

Listing 4.1: Implementation of Toolkit-Um-4

4.2 The TOOLKIT-UM-4

implemen tation of UM-4

The baselineimplementation basedon Prosser's' is showvn in Listing 4.1. It su ers from
|extra vagart memory usage (see Section 3.3).
The same approad will be usedin solving the problem this time around: a custom

a similar problem to Toolkit-Um-3

constraint.

Another motivation for the production of a custom constraint is that in the new
speciesmodel it is essetial for the Um-4 constraint to maintain a certain consistency
level. With the old Um-3 versionit didn't matter to the nal result if the consistency
level was lessthan GA C during seart?, becausea nal result wasalways fully instanti-
ated. However now the v's may not beinstantiated and soif they are inconsistert with d
at the end then the result may beincorrect. Hencea Um-4 constraint suitable for usein

atoolkit constraint cannot, in general,guarantee.

'and improved immeasurably by the addition of LISP -style indentation!
2Although, as we said earlier, this issueis critical to execution speed.

the speciesmodel must guarantee a level of consistencysuc as GA C or GBA C which
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Figure 4.2: Scenarioswhered=1 and d=4 are either unsupported or supported

43 The CUSTOM-UM-4 constrain t

4.3.1 The interplay between d and the v's

Ensuring that the domain of d is supported w.r.t. the v's is relatively easy:

4 is unsupported if and only if any pair of domainsis disjoint.

1 is unsupported if and only if v, and v3 are disjoint (i.e. no equal pair) or elsev;
has nothing larger than a value in their intersection.

2 and 3 are unsupported symmetrically to 1.

To motivate this, Figure 4.2 shaws pairs of scenarios,in eat casethe upper scenario
shawvs when a d value would be unsupported but in the lower scenarioa subtle di erence
in the v's provides it with support. In 4.2(a), the fact that v, and vs do not overlap
rulesout 4 2 d, but in 4.2(d) ead pair overlapsand so4 is supported. In 4.2(b), 12 dis
impossiblebecausevariablesv, and v are disjoint, but in 4.2(e) this has beenrecti ed.
In 4.2(c), variable v, is not bigger than anything in v»\ v3 soit can't be the largest of
3, but in 4.2(f) 12 d is supported.

The above reasoningtranslates directly into a procedure VToD (Listing 4.2 that
can ensureeverything in d is supported w.r.t. the current v's.

Making surethat the bounds of the v's are supported w.r.t. d is slightly more chal-
lenging. To motivate this assertion, obsene that the whole of the previous chapter
was concernedwith propagating from d to v's in the special casewhen d = f 1;2; 3; 4q,
ie.whenx >y=2z,y>x=22z>x=yandx =y = z are all allowed. Now the
problem is to propagating whend is
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if(any pair of v_1, v_2 or v_3 is disjoint)
remove 4 fromd
else if(v_2 and v_3 are disjoint
or else v_1.UB <= min{v_2.UB, v_3.UB})
remove 1 fromd
else if(v_1l and v_3 are disjoint
or else v_2.UB <= min{v_1.UB, v_3.UB})
remove 2 fromd
else if(v_1l and v_2 are disjoint
or else v_3.UB <= min{v_1.UB, v_2.UB})
remove 3 fromd
end if

Listing 4.2: Pseudacode for procedureVToD chedking d support

f1,2;3;4g
or f1;2;3g or f1;2;49 or f1;3;49 or f2,3;4g
or f1;2g or f1;3g or f1;4q or f2;3g or f2;4g or f3;4g
or flg or f2g or f3g or f4g

Theseare C(4; 4)+ C(4; 3)+ C(4; 2)+ C(4; 1) = 1+ 4+ 6+ 4 = 15di erent possibilities®.
Taking experiencefrom Chapter 3 as a guide, where 10s of caseswere usedto analyse
just one of these, it would seemthat analysing all of these caseswould be quite time
consumingand potentially error prone. Instead, the approac takenis to consider1,2,3
and 4 in turn and to imagine for ead that it is the sole value in d. Now we can work
out the greatestupper bounds and the least lower bounds that the value can support.
If d happensto be f1; 3;4g then the upper bounds actually supported is the maximum
out of those found earlier for 1, 3 and 4, and the lower bound supported is the minimum
out of those found earlier. For upper bounds, this is becauseany greater bound is not
supported by d, and any lesserbound removes a value supported by d. The argumert
for lower boundsis symmetric.

An example of this whole processis shavn in Figure 4.3. From left to right the top
part shows:

that d = f1; 3;4g and the initial bounds of the vs (unshaded);
the bounds supported by ead of 1,2,3and 4; and nally ,

the actual supported bounds by taking the greatest upper bound and the least
lower bound.

The bottom part shaws in gold the rangessupported in the v variablesby 1, 3 and
4 individually; and in greenthe bound supported by all three together. The red ranges
are the boundsthat are supported by d = f2g, but theseare ignored since2 2 d in this
example.

This reasoningtranslates directly into a procedure DToV (Listing 4.3) that can
propagate a changein d to the v's. It runsin O(1) time.

3In fact they comprise the powerset P (f 1;2; 3;4g) minus . See[Ros9§ for a de nition.
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{1} d={2} d={3} d={4} d={1,3,4}

J X J J

all the v_1 bounds

|l

all the v_3 bounds

all the v_2 bounds

Figure 4.3: An example of cheking support for M variables by caseanalysis

new1lUB
newwv2UB
new3UB
newllLB
new2LB
newv3LB
if(d contains 4)

exprl = mn{vl. UB, v2.

negative infini
negative infini
negative infini
infinity
nfinity
nfinity

expr2 = max{vl. LB, v2.
newlUB = max{new1lUB,
new2UB = max{new2UB,
new3UB = max{new3uUb,
newllLB = mi n{newlLB,
new2LB = mi n{new2LB,

new3LB = mi n{new3LB,
else if(d contains 1)
exprl = max{v2.LB, v3.

newllLB = mi n{newlLB,
new2LB = mi n{new2LB,
new3LB = mi n{new3LB,
expr2 = mn{v2.UB, v3.
newlUB = max{new1lUB,
new2UB = max{new2UB,
new3UB = max{new3UB,

else if(d contains 2)
//symmetric with (d contains 1) branch
else if(d contains 3)
//symmetric with (d contains 1) branch)
end if

vl1.
v2.
v3.
vl1.
v2.
v3.

LB
LB
LB
uB
uB
uB

newlLB
new2LB
newwv3LB
newv1lUB
newv2UB
newv3UB

ty //any u.b. is greater than this
ty
ty

/lany |.b. is less than this

UB, v3.UB} //Ileast upper bound
LB, v3.LB} //greatest |ower bound
exprl}

expr 1}

exprl}

expr 2}

expr2}

expr 2}

LB}

exprl + 1}
exprl}

expr 1}

UB, v1.UB - 1}
v1l. UB}

expr 2}

expr 2}

Listing 4.3: Pseudacode for procedureDToV chedking v's support
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d 1={2,4} d_2={1,4} d1={4 d2={
Vv_a|
V:bb v b d_1 loses 2 b
v_cC V_C
v d
Figure 4.4: A reduction in seard spaceasa result of AC

4.3.2 Overall constrain t design

A rst ideathat would give correct answersin the speciesmodel would be to propagate
exclusively from d to vi, v» and v3. The problem with this is that the whole spaceof D
variables would have to be searhed becauseno valuesare ruled out by propagation|a
level of consistencyvery closeto forward chedking and consequetly with a danger of
thrashing.

A better constraint propagatesin both directions: from d to v4, vo and vs; and
vice-versa. In the speciestree model, where constraints overlap, there will be a bene t
to the seard processwhenewer a choice for d leads indirectly to the reduction in the
domain of another d (e.g. the example of Figure 4.4, where the lossof 2 from d; causes
a reduction in the domain of a di erent d variable).

Before presering a constraint that does the complete job we will analyse a few
scenariosrequiring propagation in order to reasonabout when it will be needed:

Scenario 1 - A change in vi, Vv, or vz causes loss of support in vi, Vo or vs
This can certainly happen:

d = {4}

In this diagram and those below the value marked X has beenlost, the greenshaded
valuesretain support but the red shadedvalueshave lost support.

Scenario 2 - A change in vi, v or v3 causes loss of support in d Example:
d ={1,4}

Scenario 3 - A change in d causes loss of support in vi, vo or v3 Example:

d={14}

W

Scenario 4 - A change in d causes loss of support in d This isimpossible. The
semartics of the di erent valuesof d are such that they are disjoint and the removal of
one possibility cannot lead directly to another being ruled out.

These4 scenariosshaw that a changein d canonly result in the needto ched values
in vq, Vo and vz for support; but a changein v;, v, and vz can result in the needto
ched both d and variablesthemseles. Hencethe following Custom-Um-4 propagation
algorithm (Listing 4.4).
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do DToV
i f(propagation event is on domain of v_1, v_2 or v_3)
do VToD

Listing 4.4: Pseudacode for propagation algorithm Custom-Um-4

The level of consistencythat this constraint maintains is a hybrid betweenGA C and
GBA C: in d the individual valuesmust be supported but only the boundsof v4, v» and
v3 needto be supported.

The argumert in this Section amounts to a proof of correctnessand GBA C status
for the Custom-Um-4 constraint, although it is rigorousit is presered in a lessformal
way than the proof of the previous Chapter.

4.3.3 Constrain t implemen tation

The implementation of Custom-Um-3 is a trivial translation of the above pseudaode
into Java. For completenesshoweer, it is listed in Listing C.2 of Appendix C.

4.3.4 Generalising this technique

The Custom-Um-4 constraint could be abstracted as having a d variable that says
which clausesin a disjunction are enabled. The technique in this Section solves the
problem by consideringead clauseseparately and propagating the whole constraint by
taking the most inclusive boundsfor thosethat are enabled. The d valuesare ruled out
by a reverseprocess.

Other constraints doing a similar job could be implemented the same way. For
examplethe disjunction/ or constraint itself works this way. When posting or introduce
an auxiliary non-seart f 0; 1g variable d. When the 1st clauseis ruled out ensure0 2 d.
When the 2nd clauseis ruled out ensurel 2 d. To trim the variablesin the disjunction,
take the union of the supported valuesfor the clausescorresponding to valuesstill in d.
If this procedurewas usedin the JChoco implemertation of or then it would improve
propagation. For example,the problem x = f1; 2g with constraint x=1 or x=1 currently
doesno propagation, but a new implementation could remove 2 from the domain of x.
If a constraint like this had beenusedin Toolkit-Um-3  then it might have done full
GBA C propagation, although it would still have beenslow and bulky.

4.4 Matrix version

The new speciesmodel poststhe constraint Um-4 in almost the sameway asthe old one
postedUm-3. Henceit will benet in the sameway asbeforefrom a matrix formulation
(see Section 3.5). Sudh a constraint has beenimplemerted and is listed in Listing C.3
in Appendix C. Sinceits designis similar to that of Section 3.5 and becauseit will not
be usedin the later empirical study it is not described in any detail here. There was a
level of challengein the implementation but it was very much analagousto the earlier
matrix constraint. This constraint also doespropagation in O(n) time.



Chapter 5

Empirical study

\Mathematics alone makesus feel the limits of our intelligence. For we can
alwayssupmsein the caseof an exgeriment that it is inexplicable becausewe
dorit happen to have all the data. In mathematics we have all the data ...
and yet we dorit understand.”| Simone W eil

5.1 Birds empirical study

The previous chapters have preseried constraint designsand proved properties about
them such as correctnessand consistencylevel. Howewer, the aim of this project was
to provide an improvemen in time and spacein the speciesmodel, so we will now
turn our attention to establishing if the implementations of the constraints make any
practical di erence. This empirical study should also bolster con dence in properties
like correctnessand consistencylevels that we have previously proved, but not tried!

5 dierent Um constraints aswell as an imperative solution were usedin the study.
Table 5.1 lists short namesthat will be usedthroughout this Chapter along with refer-
encesto where the constraint was introduced.

Predictions:

1. The number of nodes neededfor Custom-Um-3 , Matrix-Um-3 and Custom-
Um-41 should be samein all cases,sincethey maintain the sameGBA C consis-
tency level.

2. If any constraint nds a solution they all should, sincethey are all believed to be
correct.

1The full capabilities of this constraint are not being exploited, sinceonly the v's are being searded,
but it's better to do a little testing than none at all!

Short name Reference
Imp erative Section2.5
Toolkit-Um-3 Section 3.3
Custom-Um-3 Section3.4
Matrix-Um-3 Section 3.5
Lazy-Um-3 Section 3.6
Custom-Um-4 Section 4.3

Table 5.1: Constraints usedin study

45
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3. The number of nodes neededfor Lazy-Um-3 and Toolkit-Um-3  should be at
least as large as for the others, sincethey maintain a lower consistencylevel.

4. The memory usagefor the constraints should be (in ascendingorder): Matrix-
Um-3; tie betweenLazy-Um-3 and Custom-Um-3 ; Custom-Um-4 ; and nally
Toolkit-Um-3 . This is due to the fact that Matrix-Um-3 usesone Java object
in total; Lazy-Um-3 and Custom-Um-3 useC(n; 3) Java objects; Custom-Um-
4 useC(n; 3) but there are C(n; 3) additional d variablesin the model; and because
Toolkit-Um-3  is posted C(n; 3) times but uses23 times the space.

5. If Lazy-Um-3 can ever match the others' nodes,it should nish faster becauseit
doesvery little work at ead one.

6. Build time should be roughly proportional to the memory size of a problem.

5.1.1 Results

The experimerts were run under the conditions described in Section E.1. The min-
domain variable ordering heuristic was used.

The following table lists the results of the experimert on seabird data taken from
[KPO2]. The columnsare asfollows: \Data" lists the identi ers for the input trees,n is
the number of speciesin total for all the input trees,\Constraint" is the constraint used,
\Build" is the time taken to load the model, \Solve" is the time takento nd a rst
solution or to prove none exist, \T otal" is the sum of \Build" and \Solve", \No des" is
the number of nodesin the seard tree (see[BZF04]) and \Mem" is the model memory
sizein MB. In Section E.2 there are somenotes on the sourcesof these data.

Data n | Constraint Sol” | Build Solve | Total | Nodes| Mem

AB 23 | Toolkit-Um-3 T 2056 374 2447 23| 26.92
Lazy-Um-3 T 294 | 19667| 19978 7706 0.98
Custom-Um-3 T 293 139 449 23 0.98
Matrix-Um-3 T 183 131 331 23 0.24
Custom-Um-4 T 455 420 893 23 3.84
Imp erative T 13

AC 32 | Toolkit-Um-3 F 2670 327 3014 0| 36.34
Lazy-Um-3 F 320 77 414 0 1.26
Custom-Um-3 F 320 160 497 0 1.26
Matrix-Um-3 F 189 153 359 0 0.34
Custom-Um-4 F 521 350 889 0 5.14
Imp erative F 12

AD 47 | Toolkit-Um-3 T 8235 946 9199 38 | 118.51
Lazy-Um-3 T 550 165 733 38 3.81
Custom-Um-3 T 549 261 827 38 3.81
Matrix-Um-3 T 220 248 486 38 0.70
Custom-Um-4 T 1128 982 2128 38| 16.45
Imp erative T 22

AE 95 | Toolkit-Um-3 DNL DNL DNL DNL DNL | > 629
Lazy-Um-3 F 3174 316 3508 0| 30.64
Custom-Um-3 F 3171 1558 4748 0| 30.64
Matrix-Um-3 F 340 1477 1836 0 2.79
Custom-Um-4 F 8306 5427 | 13752 0| 13.88
Imp erative F 37
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AF 31 | Toolkit-Um-3 T 2497 379 2893 19| 32.99
Lazy-Um-3 T 463 129 609 24 1.16
Custom-Um-3 T 313 158 489 18 1.16
Matrix-Um-3 T 188 137 342 18 0.32
Custom-Um-4 T 501 514 1032 18 4.67
Imp erative T 20

AG 46 | Toolkit-Um-3 T 7671 871 8560 31| 111.07
Lazy-Um-3 T 532 161 711 31 3.61
Custom-Um-3 T 531 268 817 31 3.61
Matrix-Um-3 T 222 252 491 31 0.68
Custom-Um-4 | T 1077 993 2088 31| 1545
Imp erative T 21

BC 29 | Toolkit-Um-3 F 2056 | 21931| 24004 171 | 26.90
Lazy-Um-3 F 285 | 285207 | 285508 | 265237| 0.97
Custom-Um-3 F 286 116 419 0 0.97
Matrix-Um-3 F 171 107 295 0 0.27
Custom-Um-4 F 448 277 743 0 3.82
Imp erative F 8

BD 42 | Toolkit-Um-3 T 5833 930 6780 33| 84.26
Lazy-Um-3 T 441 | DNF DNF DNF 2.75
Custom-Um-3 | T 438 265 720 33 2.75
Matrix-Um-3 T 201 251 469 33 0.55
Custom-Um-4 T 875 1003 1896 33| 11.72
Imp erative T 17

BE 94 | Toolkit-Um-3 DNL | DNL DNL DNL DNL | > 629
Lazy-Um-3 DNF | 3117| DNF DNF DNF | 29.82
Custom-Um-3 F 3363 | 23377| 26758 0| 29.82
Matrix-Um-3 F 335| 16340| 16693 0 2.71
Custom-Um-4 F 7990 | 91936| 99945 0| 134.61
Imp erative F 11

BF 30 | Toolkit-Um-3 T 2405 343 2765 29| 29.83
Lazy-Um-3 T 295 83 395 29 1.05
Custom-Um-3 | T 293 114 424 29 1.05
Matrix-Um-3 T 174 99 290 29 0.28
Custom-Um-4 T 466 397 880 29 4.22
Imp erative T 8

BG 40 | Toolkit-Um-3 T 5098 651 5766 30| 72.71
Lazy-Um-3 T 413 136 567 31 2.32
Custom-Um-3 T 413 214 645 30 2.32
Matrix-Um-3 T 203 353 574 30 0.51
Custom-Um-4 | T 776 829 1622 30| 10.03
Imp erative T 13

CD 45 | Toolkit-Um-3 T 10056 1134 | 11208 45| 143.91
Lazy-Um-3 T 608 186 812 45 451
Custom-Um-3 T 609 294 921 45 451
Matrix-Um-3 T 224 276 518 45 0.77
Custom-Um-4 | T 1324 1154 2496 45| 19.82
Imp erative T 14

CE 68 | Toolkit-Um-3 DNL | DNL DNL DNL DNL | > 629
Lazy-Um-3 T 3071 564 3653 72| 29.82
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Custom-Um-3 | T 3080 1545 4643 68 | 29.82
Matrix-Um-3 T 516 1451 1985 68 2.72
Custom-Um-4 | T 7929 7760| 15707 68 | 134.61
Imp erative T 36
CF 34 | Toolkit-Um-3 T 3101 563 3681 30| 43.72
Lazy-Um-3 T 328 124 469 32 1.47
Custom-Um-3 T 424 152 593 30 1.47
Matrix-Um-3 T 180 133 331 30 0.36
Custom-Um-4 T 561 522 1101 30 6.14
Imp erative T 11
CG 44 | Toolkit-Um-3 F 6683 587 7288 0| 97.10
Lazy-Um-3 F 641 84 743 0 3.22
Custom-Um-3 F 494 229 740 0 3.22
Matrix-Um-3 F 210 215 442 0 0.61
Custom-Um-4 F 980 697 1695 0| 1356
Imp erative F 14
DE 104 | Toolkit-Um-3 DNL | DNL DNL DNL DNL | > 629
Lazy-Um-3 F 4041 249 4308 0| 38.66
Custom-Um-3 F 4051 1960 6029 0| 38.66
Matrix-Um-3 F 360 2021 2400 0 3.31
Custom-Um-4 F 10664 | 7454| 18136 0 | 180.87
Imp erative F 34
DF 44 | Toolkit-Um-3 T 6613 987 7617 37| 97.10
Lazy-Um-3 DNF 484 | DNF DNF DNF 3.21
Custom-Um-3 T 628 270 915 37 3.21
Matrix-Um-3 T 203 250 470 37 0.60
Custom-Um-4 | T 970 940 1928 37| 13.55
Imp erative T 17
DG 56 | Toolkit-Um-3 F 14090| 2280| 16388 1| 201.42
Lazy-Um-3 DNF 800 | DNF DNF DNF 6.30
Custom-Um-3 F 791 674 1482 0 6.30
Matrix-Um-3 F 252 640 910 0 0.99
Custom-Um-4 F 1825 2491 4334 0| 27.96
Imp erative F 19
EF 94 | Toolkit-Um-3 DNL | DNL DNL DNL DNL | > 629
Lazy-Um-3 DNF | 3070| DNF DNF DNF | 29.82
Custom-Um-3 F 3070| 13299| 16387 0| 29.82
Matrix-Um-3 F 331 9546 9896 0 2.71
Custom-Um-4 F 7906 | 51835| 59760 0| 134.61
Imp erative F 12
EG 97 | Toolkit-Um-3 DNL | DNL DNL DNL DNL | > 629
Lazy-Um-3 F 3424 249 3690 0| 3231
Custom-Um-3 F 3340| 11647| 15005 0| 3231
Matrix-Um-3 F 344 8900 9262 0 2.89
Custom-Um-4 F 8763 | 45744| 54526 0 | 147.49
Imp erative F 15
FG 38 | Toolkit-Um-3 DNF | 4299| DNL DNL DNL | 61.41
Lazy-Um-3 DNF 381 DNL DNL DNL 2.04
Custom-Um-3 F 387 233 637 0 2.04
Matrix-Um-3 F 195 212 424 0 0.46
Custom-Um-4 F 705 665 1388 0 8.62
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Imp erative F 10

ABDF 72 | Toolkit-Um-3 T 27032 5291| 32340 63 | 382.52
Lazy-Um-3 DNF | 1320| DNF DNF DNF | 11.82
Custom-Um-3 | T 1303 762 2083 59| 11.82
Matrix-Um-3 T 277 722 1017 59 1.48
Custom-Um-4 | T 3238 3462 6718 59 | 52.69
Imp erative T 34

ABDG | 78| Toolkit-Um-3 DNF | 60847| DNF DNF DNF | 553.49
Lazy-Um-3 DNF | 1754| DNF DNF DNF | 16.44
Custom-Um-3 F 1764 | 4476 6258 0| 16.44
Matrix-Um-3 F 301 3633 3952 0 1.91
Custom-Um-4 F 4806 | 18482| 23303 0| 75.81
Imp erative F 29

ACDF | 72| Toolkit-Um-3 F 31067 1931 | 33015 0| 434.84
Lazy-Um-3 F 1442 164 1624 0| 1341
Custom-Um-3 F 1446 985 2449 0| 1341
Matrix-Um-3 F 286 649 953 0 1.61
Custom-Um-4 F 3616 2103 5734 0| 60.02
Imp erative F 28

ACDG | 81| Toolkit-Um-3 DNL | DNL DNL DNL DNL | > 629
Lazy-Um-3 F 2049 270 2336 0| 18.13
Custom-Um-3 F 2018 2024 | 4060 0| 18.13
Matrix-Um-3 F 307 1711 2036 0 2.06
Custom-Um-4 F 5142 7523 | 12683 0| 84.86
Imp erative 35

ACE 97 | Toolkit-Um-3 DNL | DNL DNL DNL DNL | > 629
Lazy-Um-3 F 3366 351 3735 0| 32.32
Custom-Um-3 F 3342 1710 5070 0| 32.32
Matrix-Um-3 F 737 1632 2387 0 291
Custom-Um-4 F 8965 5970| 14953 0| 147.51
Imp erative F 38

The inputs and output from instance ABDF have beenprinted in Appendix B. All
the constraints as well asthe imperative solution get the sameresult up to symmetry.

5.1.2

In terpretation

of results

Theseresults could be summarisedas follows:

Matrix-Um-3
Toolkit-Um-3

is extremely successfulin reducing memory usage compared to
, adhieving up to a factor of 290 (for ABDG) improvemern in

memory usage. This improvemert also leadsto a large reduction in the overall
time to load problems.

Custom-Um-3 and Matrix-Um-3

Um-3, always beating it by a factor of 3 or better. Matrix-Um-3

than Custom-Um-3 .

Matrix-Um-3

reduce seard time comparedto Toolkit-
is a little faster

the added e ects of reducedload and solve times.

improvestotal time by a large factor over Toolkit-Um-3

, dueto
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In problemsAB, AF, BC, BG, CE, CF, DG and ABDF, Matrix-Um-3 , Custom-
Um-3 or Custom-Um-4 were obsened to solve instancesusing fewer nodesthan
either Toolkit-Um-3  or Lazy-Um-3 . This is consisten with the former main-
taining a higher level of consistencythan the latter.

Custom-Um-3 , Matrix-Um-3 and Custom-Um-4 always usethe samenumber
of nodes. This is consistert with them maintaining the sameGBA C consistency
level.

All solutions get the sameanswer, increasingcon dence in their correctness.

Lazy-Um-3 runs very quickly when it usesthe same number of nodes as the
others, but occasionallyit takesa very large number of nodesand a long time.

5.1.3 Conclusions

It would be hard to make a casefor cortinuing to use Toolkit-Um-3  rather than
Custom-Um-3 or Matrix-Um-3 , since these occupy much lessspaceand are faster.
Matrix-Um-3 in particular represetts a hugeimprovemern in both spaceandtime. The
memory usagegrows so slowly that any foreseeablespeciesdata could now be loaded
into the memory of a typical desktop computer.

The Custom-Um-4 constraint is not specialisedfor usein the above model, sowe
shouldnot write it o dueto its poor performance,but rather rst try it in an experiment
that exploits its full generality. Howewer this experiment provides evidencethat it does
indeed maintain GBA C.

It is slightly lesseasyto throw out Lazy-Um-3 on accourt of the fact that it is
very often faster than Custom-Um-3 . Howewver when Lazy-Um-3 doesbadly it does
extremely badly and whenit doeswell it wins by a small constart factor. This is because
it cannot propagate any better than GBA C and henceit cannot win by more than a
constart factor, however it could potentially lose by an exponertial factor; this would
make it extremely risky to useLazy-Um-3 until moreis known about the circumstances
when it doesbadly.

The CP solution doesnot yet appear to be competitiv e with the imperative solution
in a simple-minded speed comparison, although the gap has been closeddramatically.
All the exibilit y and easyof modelling of the CP model is retained in the new version,
soit still well worth working on. A similar study was carried out in [Pro06] when 6 of
the 21 pairs of birds les could not be loaded, now all pairs can be loaded successfully

5.1.4 Re-running the experiment

BASH script birdsrun.sh in the empirical directory of the attached CD will repeat
the experiment and store the results at path birds _data/runs . The output format of
theserun les is:

[memory in bytes] [build tinme in ns] [run time in ns] [total tinme] [solvable?]
[ nodes] [ backtracks]

[actual solution tree]

Listing 5.1: Output format of birds experimert run les
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5.2 Random empirical study

5.2.1 Motiv ation

The tests on seabird data from the previous Section have shovn how the constraints
produced have improved on previouswork in terms of reducednodes,time and memory
usage. Theseresults on speci ¢ instancesraise a few interesting general questions:

How doesthe model scale,on average,as a function of the size of the instance (in
this case,de ned to be the number of leaf nodes)in terms of time, nodes,memory
usage,etc.?

What is the relative performance of the di erent typesof constraint, on the av-
erage. Can any general relationships be found, e.g. does the matrix constraint
always solve a problem in fewer nodesthan the primitiv e constraint?

Do the constraints di er in their ability to make short work of easyor hard in-
stances?

How do variable ordering heuristics a ect results?

Thesequestionswill be addressedin this section.

As was stated in previous chapters, the constraints maintain di erent levels of con-
sistency and they all propagate in constart time, howewer this tells us relatively little
in the general caseabout their behaviour on problems. For example, it may be that
a lower level of consistencydone quickly will result in a faster solution overall, if the
decreasdn e ort at eat node dominatesthe increasein the number of nodes.

Theseissuesshaved up in instance BG in the previous Section when it was solved
more quickly by Lazy-Um-3 using more nodes. Newverthelesssince specic instances
may exhibit pathological or trivial nature; it is hard to tell if they are represenativ e
without investigating the average case. It might be possibleto take the approadc of
working out analytically an expressionfor the asymptotic time, spaceor nodesaveraged
over all instancesof a problem. Howewer here the approad taken is to investigate the
average caseby averaging behaviour over a set of random instances. This does not
constitute a proof of behaviour, but it can strongly suggestthat certain relationships
are presen.

The problem that will be generatedand solved is that of constructing the unique
(subject to provisosdescribedlater) ultrametric matrix that satis es the triples produced
from a single random tree by the BreakUp algorithm. Random trees with dierent
numbers of leaveswill be generated,and hencedi erent numbersof variablesand triples
are neededin the model. This problemis simple but non-trivial and all of the constraints
in this report can be applied to it. It is closelyrelated to the speciestree problem|the
di erence is that in the speciestree problem the triples are sourcedfrom two or more
di erent treeswherethere is no guarantee of either a unique solution or any solution at
all.

Due to a symmetry in the model used, if the random input tree does not have
maximum depth for its number of leaves then multiple ultrametric matrices could be
a correct result but these multiple solutions must be trivially related to one another.
To justify this, all the solutions to two example problems with 4 leaves are shown in
Figure 5.1. 5.1(a) is a tree with the unique solution 5.1(c). 5.1(b) is a tree with multiple
solutions 5.1(d). The reasonwhy 5.1(b) has multiple solutions is that it haslessthan
the maximum permitted depth of 3, sothat multiple labelscan be assignedto its branch
nodes. Conversely 5.1(a) has a single solution becauseit has the maximum permitted
depth.
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Figure 5.1: All Um treeswith 4 leaves

In the results this issue has been ignored, with only time and nodesto the rst
solution being obtained. Howewer instances with dierent numbers of solutions are
intuitiv ely of a likeness becausethey seem(given without proof) minimally solvable, in
the sensethat the addition of any more non-trivial triples would make them unsolvable
and the removal of any triples would result in multiple and distinct solutions. It is future
work to gain a better understanding of how sohability changesaccordingto the set of
triples and to investigate phasetransition behaviour in the problem[CKT91].

All the following experiments wereinitially carried out with the min-domain dynamic
variable ordering heuristic. This was misleading becausethe variables could have been
instantiated in a di erent order for di erent constraints, meaningthat rival constraints
may not be a orded the opportunity to perform equally well if the heuristic makesbad
decisionson their behalf. As a result, the experiments were repeated with an arbitrary
static variable ordering, but both results are preseried.

5.2.2 Pro cedure

1. Generateat random 50 bifurcating treesfor ead of 4,8,...,44 leaves.

2. Run model using the triples extracted from ead random tree by the BreakUp al-
gorithm for ead dierent constraint type. Record time to solwe, time to build
model, nodesto solve and memory usedfor model.

3. Analyse data.

5.2.2.1 Notes on step 1

A random bifurcating tree with k leaves can be generatedrecursively. The only tree
with 1 leaf is the tree with 1 node. A tree with k > 1 leaves can have subtreesof size
landk 1,2andk 2 orsoonto bkc and dke. Henceto generatea random tree
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public class RandonmBTree {
private static int nextlLabel = 0;

//print a random tree with n |eaf nodes, in newi ck format, use nextlLabel to
/'l choose a unique |abel for the |eaf
public static void printRandomBTree(int n) {
if(n == 1) {
System. out . print ("species” + nextlLabel);
next Label ++;
} else {
//take the snaller random nunber of |eaves to go in the left
// subtree, the balance go in the right subtree
int split =1+ (int)((k / 2) * Math.random());
System.out.print("(");
print RandomBTree(split);
System.out.print(",");
print RandomBTree(n - split);
System.out.print(")");

}

public static void main(String[] args) {
print RandomBTr ee( I nt eger . parselnt (args[0]));
System. out . println(";");

Listing 5.2: Code to generaterandom bifurcating tree

pick a random integer f from 1 through to bkc and from this calculate another integer
s= k f. Theseare the sizesof the two subtreesand they are generatedrecursively.

Java code to generatetreesin Newick format[OIs90] is shown in Listing 5.2. Newick
format intrinsically orderssubtrees,but this code doesnot take advantage of the facility
becauset always puts the smaller subtree rst.

5.2.2.2 Notes on step 2

The statistics collected were obtained from the sourcesdescribed in Section E.2.

It was obsened that solution time is quite variable for the sameinstance run under
apparertly identical conditions. This could be due to badkground and system tasks
being scheduled to run, garbagecollection, scheduling variation, cading variation, etc.
To remove outliers ead instancewas executed5 times and the result usedis the median
of the 5 runs. This variation only appliesto time but not nhodesor memory.

5.2.2.3 Notes on step 3

Shell scripts were usedto processthe data and to extract results.

5.2.2.4 Access to data and scripts

The data and scripts are available on the attached CD. The procedureto run the scripts
is in Appendix E.3. Following theseinstructions would repeat the experimert, but they
take seweral days to complete becauseof the repetition involved in Itering outliers.

5.2.25 Memory usage

One of the aims of this project wasto reduce memory usageto allow larger instances
to be modelled. Figure 5.2 shaws how the model memory usagegrows with increasing
number of leaves. The new constraints are a signi cant improvemert on the Toolkit-
Um-3 bendimark.
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Memory versus instance size
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Figure 5.2: Random study: memory versussize

In the creation of the JChoco model of this type of problem:
1. M IntDomainVar objects are createdto represen variables and domains;

2. either 1 (for Matrix-Um-3 ) or ”(”17&(”2) (all other constraints) Constraint
objects are postedto constrain the matrix to be Um;

3. n 2 Constraint sare postedto describe the triples derived from the input tree
by BreakUp , ead of which consistsof a constart number of nestedConstraint s;

4. a constart number of other objects like those implementing variable ordering
heuristics; and

5. any other data that JChoco decidesto create in the processof variable and
constraint creation.

The IntDomainVar objects are bounds variables and so their represenation should
have constart size, hence the memory occupied by variables should be O(n?). The
Constraint objects ead maintain a constart amourt of state and sothe memory occu-
pied should be O(1) for Matrix-Um-3 and O(n?3) for the others. The variable ordering
heuristic should occupy O(n?) spacebecauseit requires an array of the O(n?) instanti-
ated variables. The amourt of spacetaken up by JChoco 's internal processesas not
beeninvestigated, but it should only in ate gures by a constart factor. Henceoverall
the model should have a spacecomplexity of O(n?) for the matrix constraint and O(n?)
for the others. Consistert with expectations, the memory sizesusing Custom-Um-3 and
Lazy-Um-3 are identical.

The plot of the log of memory versusproblem size (Figure 5.3) appearsto exhibit a
logarithmic behaviour (as a consequencef log(x?) = blog(x)), which is consisteri with
the belief that the model memory is increasingpolynomially with the problem size. The
hypothesisthat the model is O(n?) or O(n®) is very strong, but it's hard to be certain
without investigating every detail of JChoco 's internal represertation.
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Log of average time versus instance size
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Figure 5.5: Random study: log of averagetime versussizefor static variable order

5.2.2.6 Exp erimen ts with static ordering

Considerthe timing results? in Figure 5.4. As expectedfrom the experimerts on species
trees, Matrix-Um-3  does the best on average, but Custom-Um-3 is competitiv e.
Toolkit-Um-3  is much slower than them. Lazy-Um-3 performs even slowver than
Toolkit-Um-3

Figure 5.5 givesmore feeling for the rate of growth in time. Sincethe y-axis is loga-
rithmic, and the curveslook like they might be logarithmic (they look like the memory
growth curvesin Figure 5.2 which de nitely should be logarithmic, for the reasonde-
scribed in Section 5.2.2.5), it seemsfair to concludethat the rate of growth in time is
polynomial. This is becausédt cannot conceinably be sub-linear for information theoretic
reasons,and since polynomials plotted on a logarithmic scaleare logarithmic. This is
not a rigorous proof of time complexity, but it gives someguidance. In cortrast, the
averagetime complexity for Lazy-Um-3 seemslarger than polynomial. In Section5.3
we will seean analytical argumert that the time complexity obsened is polynomial,
speci cally O(n%).

The averagetime plots in Figures 5.4 and 5.5 are rather misleading becausethere is
a variation in the time taken to solve di erent instances,as can be seenin Figure 5.6.
Lazy-Um-3 has a very high averagetime, but it is competitive with Matrix-Um-3
Custom-Um-3 and Toolkit-Um-3  in a large number of cases.However when it does
badly, it doesvery badly and skewsthe overall average. To give a further impression
of the huge variation in Lazy-Um-3 seeFigure 5.7 on a logarithmic scale: a very few
instancestake a very long time.

Table 5.3 is the number of random instances out of 50 when constraint x takes
longer to solve than constraint y. For example the erntry at the intersection of row 12
and C>M is the number of instanceswhen Custom-Um-3 takeslonger than Matrix-
Um-3. Table 5.4 doesthe samefor nodes. Thesereinforce the evidenceof the plots, by
shawing that on speci c instances

Matrix-Um-3  does increasingly well as size increasesand is rarely beaten for
larger instances;

Lazy-Um-3 doesincreasingly badly as sizeincrease;and

2The time statistics in this section only include model solving and not building. Build time is
proportional to memory usage,and this is described in Section 5.2.2.5.
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Size | M>C | C>M | M>L | L>M | M>T | T>M | C>L | L>C | C>T | T>C | L>T | T>L
4 6 2 50 0 0 11 50 0 0 13 0 50
8 20 4 50 0 0 50 49 0 0 50 0 50
12 3 39 44 5 0 50 46 3 0 50 0 50
16 0 50 18 30 0 50 28 21 0 50 3 47
20 0 50 11 38 0 50 19 31 0 50 10 40
24 0 50 3 a7 0 50 12 37 0 50 10 40
28 0 50 1 49 0 50 6 44 0 50 11 39
32 0 50 0 50 0 50 0 49 0 50 12 38
36 0 50 0 50 0 50 1 49 0 50 16 34
40 0 50 1 49 0 50 1 49 0 50 13 37
44 0 50 0 50 0 50 2 48 0 50 15 34

57

Table 5.3: Random study: pairwise time comparison with static variable order
, C=Custom-Um-3 , L= Lazy-Um-3 , T= Toolkit-Um-3

(M= Matrix-Um-3

)
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Size | M>C | C>M | M>L | L>M | M>T | T>M | C>L | L>C | C>T | T>C | L>T | T>L
4 0 0 0 15 0 0 0 15 0 0 15 0
8 0 0 0 50 0 0 0 50 0 0 50 0
12 0 0 0 50 0 0 0 50 0 0 50 0
16 0 0 0 50 0 0 0 50 0 0 50 0
20 0 0 0 50 0 0 0 50 0 0 50 0
24 0 0 0 50 0 0 0 50 0 0 50 0
28 0 0 0 50 0 0 0 50 0 0 50 0
32 0 0 0 50 0 0 0 50 0 0 50 0
36 0 0 0 50 0 0 0 50 0 0 50 0
40 0 0 0 50 0 0 0 50 0 0 50 0
44 0 0 0 50 0 0 0 50 0 0 50 0

Table 5.4: Random study: pairwise nodescomparisonwith static variable order
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Figure 5.8: Random study: nodesversussizefor static variable order

Custom-Um-3 and Toolkit-Um-3  have similar properties but are slower.

The number of nodes needed(see Figure 5.8) is the samefor Custom-Um-3 and
Matrix-Um-3 , which is exactly as expected, becausethey use the same propagation
algorithm implemented in two di erent ways! More surprisingly, Toolkit-Um-3  always
usesthe samenumber of nodes as these. This is a warning that the random instances
are not suitable for shaving up the known behavioural di erence (Section 3.7) between
Toolkit-Um-3  and Custom-Um-3 . We will discussin Section5.2.3 how an improved
trial might addressthis problem.

Finally, the nodesplot is the sameshape asthe time plot, becauseduring the seart
procesgime is spernt at nodes! A plot of the number of nodesfor ead individual instance
has been provided on the CD, but it has the same average and spread properties as
Figure 5.6. For a similar reason,a log plot of individual node datums has beenleft out.

5.2.2.7 Exp erimen ts with min-domain dynamic ordering

Figure 5.9 shaws that when the min-domain heuristic is applied, the hitherto useless
Lazy-Um-3 constraint is the best on average! Furthermore, the variation (illustrated
by Figure 5.10) that was previous extremely high is now very low. It seemsthat the
heuristic choosesto instantiate in suc a way that Lazy-Um-3 is ableto do a lot more
propagation than before. The e ect on Custom-Um-3 , Matrix-Um-3  and Toolkit-
Um-3 is a small reduction in averagetime and a reduction in variance.

These results for solve time suggesta di erence in the number of nodes neededby
Lazy-Um-3 in the presenceof min-domain. In fact, when the min-domain heuristic
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Size | M>C | C>M | M>L | L>M | M>T | T>M | C>L | L>C | C>T | T>C | L>T | T>L
4 0 0 50 0 0 23 50 0 0 23 0 50
8 12 4 50 0 0 50 50 0 0 50 0 50
12 2 46 50 0 0 50 50 0 0 50 0 50
16 0 50 50 0 0 50 50 0 0 50 0 50
20 0 50 50 0 0 50 50 0 0 50 0 50
24 0 50 50 0 0 50 50 0 0 50 0 50
28 0 50 50 0 0 50 50 0 0 50 0 50
32 0 50 50 0 0 50 50 0 0 50 0 50
36 0 50 50 0 0 50 50 0 0 50 0 50
40 0 50 50 0 0 50 50 0 0 50 0 50
44 0 50 50 0 0 50 50 0 0 50 0 50

Table 5.5: Random study: pairwise time comparisonwith min-domain variable order

Size | M>C | C>M | M>L | L>M | M>T | T>M | C>L | L>C | C>T | T>C | L>T | T>L
4 0 0 0 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0 0 0
12 0 0 0 0 0 0 0 0 0 0 0 0
16 0 0 0 0 0 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0 0 0 0 0 0
24 0 0 0 0 0 0 0 0 0 0 0 0
28 0 0 0 0 0 0 0 0 0 0 0 0
32 0 0 0 0 0 0 0 0 0 0 0 0
36 0 0 0 0 0 0 0 0 0 0 0 0
40 0 0 0 0 0 0 0 0 0 0 0 0
44 0 0 0 0 0 0 0 0 0 0 0 0

Table 5.6: Random study: pairwise nodescomparisonwith min-domain variable order

is used the number of nodes used in the seart processis exactly the same in ewvery
generated instance! Tables 5.5 and 5.6 conrm that no constraint runs faster than
Lazy-Um-3 on any instance and that every constraint usesexactly the samenumber of
nodesfor all instances.

5.2.3 Conclusion

This random study raisesseveral interesting questionsas well as providing useful con-
rmation of sometheoretical points.

Mo del size and speed Theseresultsconrm that Custom-Um-3 and Matrix-Um-
3 are an enormousimprovemert over Toolkit-Um-3

E ect of heuristics and instance dicult y The min-domain variable ordering
heuristic has beenobsened making a large di erence comparedwith a static ordering.
Although min-domain was also used for the seabird trials, it did not make Lazy-Um-

3 competitiv e with the others. Doesthe fact that theserandom instancesare qualita-
tively \easy" meanthat Lazy-Um-3 is able to do well on them? Future work should
involve generating random instancesof the supertree problemsthat spanthe spectrum
of di culties, sothat we might know under what circumstancesgood and bad behaviour
occurs.

5.3 Doesan AC algorithm solve the whole problem with-
out search?

The results in Sections5.1 and 5.2 shaw that using Custom-Um-3 and Matrix-Um-

3 constraints, the speciesmodel is never obsenedto usemorethan onenode per variable.
This suggeststhat very little, if any, seard is needed. Since seard beginswith an arc
consisten problem, this suggeststhat in sudh a consistencylevel the variables are close
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to being a solution already. Experiments have shavn that a valid speciestree can be
obtained by taking as nal result the lower bound of ead variable from an AC problem.
For example:

3
0

2
2
§ 0

is a solution obtained from the AC problem

o Rk
oORrR R PR
UK

2
0 f2,3g f1,29 f1;29

§ 0 f1;2,3g f1;23g
0 f1,2;3g
0

This result hascometoo late in the project for a thorough investigation, but we will
now prove informally that the technique should work and provide a revised worst case
time complexity basedon it.

The earlier Lemma 6 shows that lower boundsin the ultrametric relation are mutu-
ally supportive, meaningthat they together conform to the ultrametric relation. Hence
the lower bounds of the matrix together form an ultrametric matrix. We mustn't forget,
howewer, that disjunction breaking constraints are also posted to represen triples and
fans, and that these constraints are lesswell understood. Proving that lower bounds
support one another in this constraint would involve making sure that an analog of
Lemma 6 appliesto it. Thesefacts together would prove that AC is indeedsu cien t to
solve the problem.

A corollary of the fact would be that the time complexity of nding a solution has
beenreducedto O(n%). The AC-5 algorithm for making a problem AC is described
in Section 1.3.2.2. To make the speciestree problem AC, all of the O(n®) constraints
are added to the queueat rst; subsequetly ead constraint may be re-queuedup to
Oo(n® 3(n 1) = O(n% times, since ead of the O(n3) constraints can be requeued
at most 3(n 1) times if propagation only removes one value at a time. O(1) work is
done ead time a constraint is dequeued,becausedequeuingand propagation are O(1),
and the O(1) cost of queueingthe constraint in the rst place can be charged to the
dequeueingcode. Hencethe overall complexity is (O(n3) + O(n%))O(1) = O(n%), this is
a signi cant improvemert over the O(n”z) time bound from Section 2.5.4.

Though it seemsimprobable on the face of it

You must master the huge retards and have faith in the slov
Blossoming of haystadks, stairways, walls of convolvulus,
Until the moon can do no more. Exhausted,

You get out of bed. Your project is completed

Though the experimert is a mess.

| John Ashbery



Chapter 6

Conclusion

\Defeat doesnt nish a man|quit dces. A man is not nished when he's
defeated. He's nished whenhe quits."| Richard M. Nixon

This project beganwith areview of the elds of constraint programming and species
trees. This wasundertakento provide the necessanbadkground knowledgefor a descrip-
tion of two constraint programming solutions to the supertree problem. Thesesolutions
su ered from slow performanceand large memory requiremerts. Sincethe memory us-
age of these CP solutions was dominated by the O(n3) spaceneededfor ultrametric
constraints, it was hypothesisedthat reducing memory requiremerts for this constraint
would improve matters overall.

To this end, 4 dierent constraint designsfor the ultrametric constraint were pro-
duced and implemented. The Toolkit-Um-3  constraint was a naive encaling of the
de nition of ultrametric, this wasthe benchmark against which other implementations
wereto betested. The Custom-Um-3 constraint is the certrepiece of the whole project.
It maintains generalisedbounds arc consistencyand has a very simple de nition which
is the result of exhaustive analysis. A rigorous proof of correctnessfor the constraint
was undertaken and one of the constituent Lemmasleadsto a strong hypothesis that
arc consistencyis su cien t to solve the supertree problem without seard in O(n4) time.
This is about a factor of n slover than the best imperative solution. An experimertal
Lazy-Um-3 constraint was producedto seewhat e ect propagation levels have on the
seart process.Finally a whole-matrix ultrametric constraint Matrix-Um-3 basedon
this designwas created and this provides an asymptotic improvemert in spaceusage.

Next, a generalisedultrametric constraint called Um-4 was investigated. It is used
in a constraint model for the supertree problem that incorporates ancestral divergence
dates. A meta-algorithm Custom-Um-4 was usedto implemen an easily understood
and e ective constraint for the problem. The above whole-matrix optimisation was
applied to create the Matrix-Um-4  constraint providing a further improvemert in
model memory size.

Finally an empirical study involving both real-life seabirddata and random instances
was carried out. This study conrms that the new constraints are highly e ective in
achieving the project's aims.

All in all, this project has been more wide-ranging than was originally ervisaged,
becausethe scope has widened to include investigationsinto the speciesmodel itself as
well asthe constraints it incorporates.
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6.1 Future work

The mostinteresting future direction for researt isto nd out more about the behaviour
of the whole model. We have a strong hypothesisthat seard is not neededto solve the
[GPSWO03] supertree model, a next stepwould beto provethis. Evenif this wasthe case,
the CP literature shaws (e.g. [Wal93]) that the worst caseperformanceof an algorithm
is not always a good guide for its true performance. It would be interesting to carry
out another random experiment where the hardnessof the problem was cortrollable,
in an attempt to discover when good and bad behaviours occur and to better predict
behaviour. Perhapsthis would explain the fact that the weak-propagating Lazy-Um-
3 constraint doesvery well on occasions. Many combinatorial problems exhibit phase
transition behaviour where hard problems occur on the boundary betweeneasysohable
and easyunsolvable, this may be the casefor the supertree problem.

It would also be interesting to undertake a thorough study of variable and value
ordering heuristics; other levels of consistency;and other Al approacesto the supertree
problem, in the hope of cross-fertilisation.



App endix A

TOOLKIT-UM-3 propagation

Script prim _prop _test/cases.sh  cortains an example CSP exhibiting every class of
starting lower and upper bounds basedon Figures 3.2 and 3.3. By supplying \prim" as
an argumert to this script ead problem is made arc consisten using Toolkit-Um-3
Any other argument causesCustom-Um-3 to be used.

Inspection of the output revealsthat with Toolkit-Um-3  lower bounds are never
trimmed although upper bounds are always trimmed correctly. Hence Toolkit-Um-
3 maintains a consistencylevel strictly lower than GBA C.

For example, the following Figures A.1 and A.2 shaw the sameproblem being made
GBA C by Toolkit-Um-3  and then Custom-Um-3 ; the lower bounds are ignored by
Toolkit-Um-3
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APPENDIX A. TOOLKIT-UM-3 PROPAGATION

nnmoore@uvo:/ mt/cdron/ primprop_test$$ java -cp ..:. Test 1 323 33 p
Pb[3 vars, 1 cons]

Pb[3 vars, 1 cons]

==== VARI ABLES ====

x:?[1, 3]

y:?[2, 3]

z:3[3, 3]

Pb[3 vars, 1 cons]

==== CONSTRAI NTS ====

( (x:?2 =y:?) and (z:3 >= y:? + 1) and (z:3 >= x:? + 1) ) or ( (x:? =

y:? >= z:3 + 1) and (y:? >= x:? + 1) ) or ( (y:? = 2z:3) and (x:? >
and (x:? >=y:? + 1) ) or ( (x:? =y:?) and (y:? = z:3) and (x:?

Pb[3 vars, 1 cons]
Pb[3 vars, 1 cons]
==== VARI ABLES ====
x:?[1, 3]

y:?[2, 3]

z:3[3, 3]

Pb[3 vars, 1 cons]
==== CONSTRAI NTS ====

( (x:?=y:?) and (z:3 >=y:? + 1) and (z:3 >= x:? + 1) ) or ( (x:? =
y:? >= z:3 + 1) and (y:? >= x:? + 1) ) or ( (y:? = 2z:3) and (x:? >
and (x:? >=y:? +1) ) or ( (x:? =y:?) and (y:? = z:3) and (x:?

Listing A.1: Propagation with Toolkit-Um-3

nnoore@vo:/ mt/cdron/ primprop_test$$ java -cp ..:. Test 1 32 3 3 3 c
Pb[3 vars, 1 cons]

Pb[3 vars, 1 cons]

==== VARI ABLES ====

x:?[1, 3]

y:?[2, 3]

z:3[3, 3]

Pb[3 vars, 1 cons]

==== CONSTRAI NTS ====

um t hreevar . BAC. Cust omUn83@cl6a4
Pb[3 vars, 1 cons]

Pb[3 vars, 1 cons]

==== VARI ABLES ====

x:?[2, 3]

y:?[2, 3]

z:3[3, 3]

Pb[3 vars, 1 cons]

==== CONSTRAI NTS ====

um t hr eevar . BAC. Cust omUnB@cl16a4

Listing A.2: Propagation with Custom-Um-3
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App endix B

An instance of the supertree
problem
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APPENDIX B. AN INSTANCE OF THE SUPERTREE PROBLEM

Figure B.1: Seabirdsinput tree A

Figure B.2: Seabirdsinput tree B

Fulmarus_glacialis
Puffinus_nativitatis
Puffinus_puffinus
Puffinus_auricularis
Puffinus_lherminieri
Puffinus_assimilis
Puffinus_huttoni
Puffinus_gavia
Puffinus_yelkouan
Puffinus_mauretanicus
Puffinus_tenuirostris
Puffinus_griseus
Puffinus_gravis
Puffinus_pacificus
Puffinus_bulleri
Puffinus_carneipes

Puffinus_creatopus

Diomedea_exulans

Oceanodroma_leucorhoa

Pelecanoides_urinatrix

Bulweria_bulwerii

Procellaria_cinerea

Calonectris_diomedea

Puffinus_pacificus

Pseudobulweria_aterrima

Pseudobulweria_rostrata

Pagodroma_nivea

Fulmarus_glacialis

Macronectes_giganteus

Pterodroma_nigripennis

Pterodroma_baraui
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Figure B.3: Seabirdsinput tree D

Figure B.4: Seabirdsinput tree F

Pterodroma_hypoleuca
Pterodroma_alba
Pterodroma_baraui
Pterodroma_arminjoniana
Pterodroma_externa
Pterodroma_neglecta
Pterodroma_heraldica
Pterodroma_phaeopygia
Pterodroma_sandwichensis
Pterodroma_inexpectata
Pterodroma_ultima
Pterodroma_solandri
Pterodroma_macroptera
Pterodroma_magentae
Pterodroma_mollis
Pterodroma_feae
Pterodroma_madeira
Pterodroma_lessonii
Pterodroma_incerta
Pterodroma_cahow
Pterodroma_hasitata
Pterodroma_pycrofti
Pterodroma_longirostris
Pterodroma_brevipes
Pterodroma_leucoptera
Pterodroma_cookii
Pterodroma_defilippiana
Pterodroma_axillaris
Pterodroma_cervicalis
Pterodroma_nigripennis

Pygoscelis_adeliae
Eudyptula_minor
Megadyptes_antipodes
Eudyptes_pachyrhynchus
Pelagodroma_marina
Diomedea_epomophora
Thalassarche_bulleri
Daption_capense
Pelecanoides_georgicus
Pachyptila_vittata
Pachyptila_turtur
Procellaria_westlandica
Puffinus_griseus
Puffinus_huttoni
Pterodroma_inexpectata

Pterodroma_cookii
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Eudyptes_pachyrhynchus
Megadyptes_antipodes
Eudyptula_minor
Pygoscelis_adeliae
Oceanodroma_leucorhoa
Diomedea_exulans
Thalassarche_bulleri
Diomedea_epomophora
Pelagodroma_marina
Pelecanoides_urinatrix
Daption_capense
Pachyptila_turtur
Pachyptila_vittata
Pelecanoides_georgicus
Pterodroma_hypoleuca
Pterodroma_defilippiana
Pterodroma_cookii
Pterodroma_leucoptera
Pterodroma_brevipes
Pterodroma_longirostris
Pterodroma_pycrofti
Pterodroma_hasitata
Pterodroma_cahow
Pterodroma_incerta
Pterodroma_lessonii
Pterodroma_madeira
Pterodroma_feae
Pterodroma_mollis
Pterodroma_magentae
Pterodroma_macroptera
Pterodroma_solandri
Pterodroma_ultima
Pterodroma_inexpectata
Pterodroma_alba
Pterodroma_sandwichensis
Pterodroma_phaeopygia
Pterodroma_heraldica
Pterodroma_neglecta
Pterodroma_externa
Pterodroma_arminjoniana
Pterodroma_baraui
Pterodroma_axillaris
Pterodroma_cervicalis
Pterodroma_nigripennis
Procellaria_westlandica
Procellaria_cinerea
Bulweria_bulwerii
Pseudobulweria_rostrata
Pseudobulweria_aterrima
Puffinus_creatopus
Puffinus_carneipes
Calonectris_diomedea
Puffinus_bulleri
Puffinus_pacificus
Puffinus_gravis
Puffinus_griseus
Puffinus_tenuirostris
Puffinus_mauretanicus
Puffinus_yelkouan
Puffinus_gavia
Puffinus_huttoni
Puffinus_assimilis
Puffinus_Iherminieri
Puffinus_auricularis
Puffinus_puffinus
Puffinus_nativitatis
Pagodroma_nivea
Macronectes_giganteus
Fulmarus_glacialis

Figure B.5: Supertree ABDF using Custom-Um-3 , Matrix-Um-3 , Lazy-Um-3,
Toolkit-Um-3  and Custom-Um-4 constraints
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Diomedea_exulans
Oceanodroma_leucorhoa
Pygoscelis_adeliae
Eudyptula_minor
Megadyptes_antipodes
Eudyptes_pachyrhynchus
Pelagodroma_marina
Diomedea_epomophora
Thalassarche_bulleri
Daption_capense
Pelecanoides_georgicus
Pachyptila_vittata
Pachyptila_turtur
Procellaria_westlandica
Puffinus_nativitatis
Puffinus_puffinus
Puffinus_auricularis
Puffinus_lherminieri
Puffinus_assimilis
Puffinus_huttoni
Puffinus_gavia
Puffinus_yelkouan
Puffinus_mauretanicus
Puffinus_tenuirostris
Puffinus_griseus
Puffinus_gravis
Calonectris_diomedea
Puffinus_pacificus
Puffinus_bulleri
Pseudobulweria_aterrima
Pseudobulweria_rostrata
Puffinus_carneipes
Puffinus_creatopus
Bulweria_bulwerii
Procellaria_cinerea
Pagodroma_nivea
Fulmarus_glacialis
Macronectes_giganteus
Pterodroma_hypoleuca
Pterodroma_alba
Pterodroma_baraui
Pterodroma_arminjoniana
Pterodroma_externa
Pterodroma_neglecta
Pterodroma_heraldica
Pterodroma_phaeopygia
Pterodroma_sandwichensis
Pterodroma_inexpectata
Pterodroma_ultima
Pterodroma_solandri
Pterodroma_macroptera
Pterodroma_magentae
Pterodroma_mollis
Pterodroma_feae
Pterodroma_madeira
Pterodroma_lessonii
Pterodroma_incerta
Pterodroma_cahow
Pterodroma_hasitata
Pterodroma_pycrofti
Pterodroma_longirostris
Pterodroma_brevipes
Pterodroma_leucoptera
Pterodroma_cookii
Pterodroma_defilippiana
Pterodroma_axillaris
Pterodroma_cervicalis
Pterodroma_nigripennis
Pelecanoides_urinatrix

Figure B.6: Supertree ABDF using imperative technique of [NW96]



App endix C

Remaining code listings

public class MatrixUnB extends AbstractLargel ntConstraint {

/1 mapping from variable to matrix index where it canme from
private Map<I|ntDomainVar, int[]> varTol ndex;

/I matrix to allow access to constraints by pair of indices
private |ntDomainVar[][] mat;

//size of matrix

private int n;

/lvar aliases to allow cut and paste code from CustonnB.java
private |ntDomai nVar vO;

private |ntDomai nVar v1;

private |ntDomai nVar v2;

/1 BEG N support code copied from CustonmnB.java
private class Triple {
I nt Domai nVar s, m |;
public Triple(lntDomainVar s, |ntDomainVar m | ntDomai nVar 1) {
this.s = s; this.m=m this.l =1;

}
}
/lreturn true if and only if v and w s domains have null intersection
private static boolean nulllntersection(!lntDomainVar v, |ntDomainVar w) ({
return v.getlnf () > w getSup() || v.getSup() < w.getlnf();
}

/lreturn triple of variables ordered by infimm Uses sorting algorithm for
/13 itens using at nost 3 conparisons, see page 173 of CLR Introduction to
/1 Al gorithms.
private Triple sortOnlnf (
int vOlnf = vO0. getlnf
int vilnf = vi1.getlnf
int v2Inf = v2.getlnf
if(volnf <= vilinf)
if(vllnf <= v2Inf)
return new Triple(v0, vl, v2);
el se
if(vOlnf <= v2iInf)
return new Triple(vO0, v2, vl);
el se
return new Triple(v2, vO, vl);

) A
OF
OF
()

i

el se
i f(vOlnf <= v2Inf)
return new Triple(vl, vO0, v2);
el se
if(vllnf <= v2Inf)
return new Triple(vl, v2, v0);
el se
return new Triple(v2, vl, v0);
}
private Triple sortOnSup() {

int vOSup = vO0. getSup();
int viSup = vl1.getSup();
int v2Sup = v2.getSup();

if(vOSup <= vi1Sup)
if(vliSup <= v2Sup)
return new Triple(v0, vl, v2);
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55 el se

56 if(vOSup <= v2Sup)

57 return new Triple(vO0, v2, vl);

58 el se

59 return new Triple(v2, vO, vl);

60 el se

61 i f(vOSup <= v2Sup)

62 return new Triple(vl, vO0, v2);

63 el se

64 if(vlSup <= v2Sup)

65 return new Triple(vl, v2, v0);

66 el se

67 return new Triple(v2, vl, vO);

68 }

69 public void fixBounds() throws ContradictionException {

70 i f (debug) {

71 System. out. println("fixBounds()");

72 System.out.println("vars: " + vO0.pretty() + " " +

73 vl.pretty() + " " + v2.pretty());

74 }

75 /1 FIX UP THE | NFS

76 Triple si = sortOnlnf ();

77 int sinf = si.s.getlnf();

78 int mnf = si.mgetlnf();

79 int IInf = si.l.getlnf();

80 /1 first case, each inf is different

81 if(sinf I'= mnf & mnf = 1Inf) {

82 i f(debug) Systemout.println("case 1: infs all different:");
83 si.s.setlnf(mnf);

84 /14th case, action is identical to first case but tenporarily
85 /] separated for clarity

86 } else if(mnf == 1Inf & sIinf !'= mnf) {

87 i f(debug) System out.println("case 4: smallest inf is distinct:");
88 si.s.setlnf(mnf);

89 }

90 /1 FI X UP THE SUPS

91 Triple ss = sortOnSup();

92 int sSup = ss.s.getSup();

93 int mBup = ss.m get Sup();

94 int 1Sup = ss.|.getSup();

95 /lfirst case, each sup is different

96 if(sSup !'= nSup && nSup != | Sup) {

97 i f (debug) System out.printin("case 1. sups all different");
98 if(nulllntersection(ss.l, ss.s)) {

99 i f(debug) System out.printin("null intersection of s and |");
100 Ss. m set Sup(sSup);

101 } else if(nulllntersection(ss.m ss.s)) {

102 i f(debug) System out.printin("null intersection of mand |");
103 ss.|.setSup(sSup);

104

105 //third case, largest are equal but smallest is different

106 } else if (sSup != nSup && nBup == | Sup) {

107 i f(debug) System out.println("case 3: 2 largest sups are equal");
108 if(nulllntersection(ss.m ss.s)) {

109 i f(debug) System out.printin("null intersection of s and n);
110 ss.|.setSup(sSup);

111 } else if(nulllntersection(ss.l, ss.s)) {

112 if(debug) System out.println("null intersection of s and |");
113 ss. m set Sup(sSup);

114 }

115 }

116 i f (debug) {

117 System.out.println("end vars: " + vO.pretty() + " " +

118 vl.pretty() + " " + v2.pretty());

119 System.out. println("fixBounds() ends");

120 }

121 }

122 /1 END support code copied from CustonlnB.java

123

124 public static |ntDomainVar[] getUseful (I ntDomainVar[][] mat) {

125 int n = mat.length;

126 int nunUseful =n * (n - 1) / 2;

127 I nt Domai nVar [] vars = new | ntDomai nVar [ nunmseful ];
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128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195 }

int count = O;
/l extract useful variables
for(int i =0; i <n - 1; i++)
for(int j =i + 1; j < n; j++)
vars[count ++] = mat[i][]j];

return vars,;
}
public MatrixUnB(IntDomainvVar[][] mat) {
/'l the superclass constructor nust conme first so we nust flatten the
/I matrix inside a function call
super (get Useful (mat));
n = mat.|ength;
int nunUseful =n * (n - 1) / 2
var Tol ndex = new HashMap <l nt Domai nVar , int[]>(3 * nunmseful );
//add all useful variables to mapping

for(int i =0; i <n - 1; i++)
for(int j =i + 1; j < n; j++)
varTol ndex. put (mat[i][j], new int[] { i, | });
this.mt = mat;

}

private void doPropagate(int idx) throws ContradictionException {
v0 = getlntVar (idx);
int[] index = varTolndex. get (v0);

int i = index[0]; int j = index[1];
for(int k = 0; k < n; k++) {
if(i =k & j !'= k) {

vl = mat[i][K];
v2 = mat [j][K];
fixBounds () ;

}

public void awakeOnlnf (int idx) throws ContradictionException {
doPr opagat e (i dx);
}

public void awakeOnSup(int idx) throws ContradictionException {
doPr opagat e (i dx);
}

public void awake() throws ContradictionException {
for(int i = 0; i < getNbVars(); i++)
doPropagate(i);
}

public void awakeOnRem(int idx, int x) throws ContradictionException {

}

public void awakeOnRenoval s(int idx, Intlterator deltaDom)
throws ContradictionException {

}

public void propagate() throws ContradictionException {

}

public void awakeOnlnst (int idx) throws ContradictionException {
doPr opagat e (i dx);
}

public boolean isSatisfied() {
return true;

Listing C.1: Implementation of Matrix-Um-3
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public I ntDomainVar vO;
public IntDomainVar vi;
public I ntDomainVar v2;
public I ntDomainVar d;

public Customm4 (| nt Domai nVar vO, |
I nt Domai nVar d) {

APPENDIX C. REMAINING CODE LISTINGS

nt Domai nVar vl1,

super (new | nt Domai nVar[] {vO0, vl1, v2, d});

this.v0 = vO;
this.vl = vi;
this.v2 = v2;
this.d = d;

private static final int max(int a,
private static final int mn(int a,
private static final int max(int a,

return Math. max(a, Math. max(b,
}

private static final int mn(int a,
return Math.mn(a, Math.mn(b,

/lreturn true if and only if v and w s dommi ns have null
private static boolean nulllnter (IntDominVar v, |ntDomai nVar

return v.getlnf () > w getSup()
}

/'l propagate changes in d to v0, vl

public class Customnd extends AbstractLargel ntConstraint {
// additional references to variables,

I nt Domai nVar

int b) { return Math. nax(a,
int b) { return Math. mn(a,

int b, int c) {
c));

int b, int ¢) {
c));

|| v.getSup() < w.getlnf();

and v2

public void fronDToV() throws ContradictionException {

if(d.canBel nstantiatedTo(1)) {

int vOInf = v0.getInf(); int newOInf = Integer
int vilnf = vl.getInf(); int newllnf = Integer
int v2Inf = v2.getInf(); int new2lnf = Integer
int vOSup = v0.getSup(); int newOSup = I|nteger
int vliSup = vl1.getSup(); int newlSup = Integer
int v2Sup = v2.getSup(); int new2Sup = Integer

int exprl = max(vllnf, v2Inf);

newoOI nf = mn(newOlnf, exprl + 1);
newll nf = mn(newllnf, exprl);
new2l nf = min(new2l nf, exprl);

int expr2 = mn(viSup, v2Sup, vOSup - 1);

newO0Sup = max(new0Sup, vOSup);
newlSup = nmax(newlSup, expr2);
new2Sup = max(newv2Sup, expr2);

}
if(d.canBel nstantiatedTo(2)) {

int exprl = max(vOlnf, v2Inf);

newll nf = min(newllnf, exprl + 1);
newOI nf = mi n(newO0l nf, exprl);
new2l nf = mn(new2lnf, exprl);

int expr2 = mn(vOSup, v2Sup, v1Sup - 1);

newO0Sup = max(new0Sup, expr2);
newlSup = nmax(newlSup, v1Sup);
new2Sup = max(newv2Sup, expr2);

}
if(d.canBel nstantiatedTo(3)) {

int exprl = max(vOInf, vilnf);

new2l nf = mn(new2lnf, exprl + 1);
newOI nf = m n(newOInf, exprl);
newll nf = mn(newllnf, exprl);

int expr2 = mn(vOSup, v1Sup, v2Sup - 1);

newO0OSup = nmax( newW0Sup, expr2);
newlSup = max(newwlSup, expr2);
new2Sup = nmax(neww2Sup, v2Sup);

}
if(d.canBel nstantiatedTo(4)) {

m n(vOSup, v1Sup, v2Sup);
max(vOol nf , viinf, v2inf);

int mnSup =
int maxInf =
newOI nf = m n(newOl nf, maxlnf);
newll nf = mn(newllnf, maxlnf);
new2l nf = mn(new2lnf, maxlnf);

. MAX_VALUE;
. MAX_VALUE;
. MAX_VALUE;
. M N_VALUE;
.M N_VALUE;
. M N_VALUE;

v2,

b) ;
b) ;

to avoid indexing <vars> every tine

}
}

intersection

W {
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74 newO0Sup = max(neww0Sup, m nSup);

75 newlSup = max(newlSup, m nSup);

76 new2Sup = max(neww2Sup, m nSup);

77 }

78 i f(debug) {

79 System. out. println("vO.inf<-" + newOInf);

80 System. out. println("vl.inf<-" + newllnf);

81 System. out. println("v2.inf<-" + new2lnf);

82 System. out. println("v0.sup<-" + newOSup);

83 System.out. println("vl.sup<-" + newviSup);

84 System. out. println("v2. sup<-" + new2Sup);

85 }

86 v0. set| nf (newOI nf); vl1.setlnf(newllnf); v2.setlnf(new2lnf);
87 v0. set Sup( neww0Sup); vl1.setSup(hnhewlSup); v2.setSup(neww2Sup);
88 }

89

90 /| propagate changes in vO, vl and v2 to d

91 public void fronvToD() throws ContradictionException {

92 if(nulllnter (vl, v2) || vO0.getSup() <= max(vl.getlnf (), v2.getlnf()))
93 d. renval (1);

94 if(nulllnter (v0, v2) || vi1.getSup() <= max(vO0.getlnf (), v2.getlnf()))
95 d. renval (2);

96 if(nulllnter(v0, vl) || v2.getSup() <= max(vO0.getlnf(), vi.getinf()))
97 d. renval (3);

98 if(nulllnter(vO, vl1) || nulllnter (v0, v2) || nulllnter (vl, v2))
99 d. renval (4);

100 }

101

102 public void eventDispatch(int idx) throws ContradictionException {
103 fromDToV() ;

104 if(idx = 3)

105 fronmvToD();

106 }

107

108 public void awake() throws ContradictionException {

109 fronvToD() ;

110 fromDToV() ;

111 }

112

113 public void awakeOnlnf (int idx) throws ContradictionException {
114 event Di spat ch(i dx);

115 }

116

117 public void awakeOnlnst (int idx) throws ContradictionException {
118 event Di spat ch(idx);

119 }

120

121 public void awakeOnRem(int idx, int a) throws ContradictionException {
122 event Di spat ch(i dx);

123 }

124

125 public void awakeOnRenoval s(int idx, Intlterator deltaDonmain)

126 throws ContradictionException {

127 event Di spat ch(i dx);

128 }

129

130 public void awakeOnSup(int idx) throws ContradictionException {
131 event Di spat ch(i dx);

132 }

133

134 public boolean isSatisfied() {

135 return true;

136 }

137 }

Listing C.2: Implementation of Custom-Um-4
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public class MtrixUm extends AbstractLargel ntConstraint {

//record of
private
private
private int n;

/] aliases for vari

private |ntDomai nVar vO;

private |ntDomai nVar v1;

private |ntDomai nVar v2;

private |ntDomai nVar d;

/1 quick way to find out if a variable is one of the ds, val!=null neans

private
/1 uni que mapping f

private Mp<I|ntDomai nVar ,

/' mappi ng from var

private Map<I|ntDonai nVar ,

/1 BEG N
private
private
private

}

private static fin
return Math.m

}

//return true if

unchanged
static fin
static fin
static fin

return Math. max(a,

}

/'l propagate changes

Map <I nt Domai nVar ,

par aneters
I nt Domai nVar [][]
I nt Domai nVar [1[111]

nat ;
ds;

ables to allow easy inport

bj ect > isD;
romd to array of 3 vs

iable to it's position
int[]> varTol ndex;

from CustomUnd. j ava

I nt Domai nVar[] > dToVs;
in the nmatrix

return Math. max(a,

code inport from Customn4.java
al int max(int a, int b) {
al int min(int a, int b) {

al int
Mat h. max(b, c));
al int

n(a, Math.mn(b, c));

and only if v and w s domains have null
private static boolean nulllnter (IntDomainVar v,
return v.getlnf () > w getSup() ||

indto v0, vl and v2

max(int a, int b, int

min(int a, int b, int

return Math. mn(a,

c) {

c) {

I nt Domai nVar

v.getSup() < w.getlnf();

public void fronDToV() throws ContradictionException {

i f(debug) {
Syst em. out
Syst em. out

nt vOI nf
nt vilnf
nt v2lnf
nt vOSup
nt v1Sup
nt v2Sup
i f(d.canBel nst
int exprl
newMOI nf
newVv1l nf
newV2| nf
int expr2
neww0Sup
neww1Sup
neww2Sup

—_—— s e

i f(d.canBel nst
int exprl
newVv1l nf
newVOI nf
newv2| nf
int expr2
newv0Sup
new1Sup
neww2Sup

i f(d. canBel nst
int exprl
newv2| nf
newMOI nf
newvll nf
int expr2
newv0Sup
new1Sup
neww2Sup

vO.
vl.
v2.
vO.
vl1.
V2.

.printin("fronDToV()"
.println(vO0. pretty()
v2.pretty()

)
+
.

nt newMOI nf
nt newVvil nf
nt newv2| nf
nt newvOSup
get Sup(); int newvlSup
get Sup(); int neww2Sup
antiatedTo(1l)) {
= max(vllinf, v2inf);
m n(newOI nf, exprl + 1);
m n( newll nf , exprl);
m n( newv2l nf , exprl);
= mn(v1lSup, v2Sup,
max ( newO0Sup, vOSup);
max ( newlSup, expr2);
max ( new2Sup, expr2);

getInf ();
getInf ();
getlnf ();

[
[
[
getSup(); i
[
[

antiatedTo(2)) {

= max(vOlnf, v2inf);
m n(newllnf, exprl + 1);
m n( newMOI nf , exprl);
m n( new2l nf , exprl);

= mn(vOSup, v2Sup,
max ( newoSup,
max ( neww1Sup,
max ( newv2Sup,

expr2);
v1Sup);
expr2);

antiatedTo(3)) {

= max(vOlnf, viinf);
m n(new2l nf, exprl + 1);
m n( newOI nf , exprl);
m n( newvll nf, exprl);

= mn(vOSup, viSup,
max ( newoSup,
max ( neww1Sup,
max ( new2Sup,

expr2);
expr2);
v2Sup) ;

+ vl.pretty(
+ d.pretty()

)+
)

I nt eger . MAX_VALUE;
I nt eger . MAX_VALUE;
I nt eger . MAX_VALUE;
I nteger . M N_VALUE;
I nteger . M N_VALUE;
I nteger . M N_VALUE;

vOSup - 1);

viSup - 1);

v2Sup - 1);

b) ;
b) ;

}
}

intersection

W {
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102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
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if(d.canBel nstanti atedTo(4)) {

int mnSup
int maxl nf
newMOI nf
new1l nf
newV2I nf
newv0Sup
neww1Sup
neww2Sup

max ( vOl

m
m
m

}

i f (debug) {
System.
System.
System.
System.
System.
System.

out . pri
out. pri
out . pri
out. pri
out. pri
out . pri

vO0. set | nf ( newVOI nf ) ;
v0. set Sup( newv0Sup) ;
i f(debug) System. out.

vl1.
vl.
pri
}

/'l propagate changes in vO,

m n(vOSup,

n( newMOI nf ,
n( new1ll nf ,
n( newv2l nf ,
max ( new0Sup,
max ( newl1Sup,
max ( newv2Sup,

ntin("
ntln("
ntin("
ntln("
ntln("
ntin("

v1Sup, v2Sup);
vliinf, v2Inf);

max| nf);

max| nf);

max| nf);

m nSup) ;

m nSup) ;

m nSup) ;

nf ,

inf<-"
inf<-"
inf<-"

vO. +
+
+
sup<-" +
+
+

vl1.
v2.
vO.
vl1.
v2.

newVOI nf ) ;
newvil nf);
newv2l nf ) ;
newVOSup) ;
new1Sup) ;
newv2Sup) ;

sup<-"
sup<-"

set | nf ( newvll nf);
set Sup( neww1Sup) ;
ntin("fronDToV() ends");

vl and v2 to d

public void fronvToD() throws ContradictionException {

i f(debug) {

System. out. println("
System. out . println(vO. pretty(
v2. pretty(

if(nulllnter (vl, v2) ||
i f (debug) System out
d. renval (1);

if(nulllnter (v0, v2) ||
i f (debug) System out
d. renval (2);

if(nulllnter(voO, [
d. renval (3);
i f (debug) System out

vl)

fromvToD()");
) + ", + vl.pretty(
) +

)
+ d.pretty());

v0. get Sup() <= max(vl.getlnf(),
.printin("d losing 1");

vl. getSup() <= max(vO0.getlnf (),
.println("d losing 2");

v2.getSup() <= nmax(vO0.getlInf (),

.println("d losing 3");

_'_..Y

v2. set | nf (neww2l nf);
v2. set Sup( neww2Sup) ;

v2.getlnf())) {

v2.getInf())) {

vl.getinf())) {

if(nulllnter(vO, vl1) || nulllnter (v0O, v2) || nulllnter (vl, v2)) {
d. renval (4);
i f (debug) System out.println("d |osing 4");
}
i f(debug) System.out.println("fromvToD() ends");
/1 END unchanged code inport from Custonlm.java
/1 get unique variables fromthe matrix and unique d variables
public static |ntDomai nVar[] getUseful Vars(IntDomainVar[][] mat,
I nt Domai nVar [J[1[] ds) {
int n = mat.!length;
int uniquevVs =n * (n - 1) / 2
int uniqueDs = n * (n - 1) * (n - 2) / 6; //C(n,3)
I nt Domai nVar [] vars = new | nt Domai nVar [ uni queVs + uni queDs];
int count = O;
for(int i =0; i <n - 1; i++)
for(int j =i + 1; j < n; j++)
vars[count ++] = mat[i][j];
for(int i =0; i <n - 2; i++)
for(int j =i +1; j <n - 1; j++)
for(int k =j + 1; k < n; k++)
vars[count ++] = ds[i][j][k];
return vars,;
}
public MatrixUmd (I ntDomainVar[][] mat, IntDomainVar[][][] ds) {
super (get Useful Vars(mat, ds));
n = mat. | ength;
this. mat = mat;
this.ds = ds;
int usefulDs = n * (n-1) * (n-2) / 6;

e



APPENDIX C. REMAINING CODE LISTINGS

147 int usefulVs = n * (n-1) / 2;

148 isD = new HashMap <I| nt Domai nVar , bj ect >(3 * useful Ds);
149 var Tol ndex = new HashMap <I| nt Domai nvVar , int[]>(3 * useful Vs);
150 dToVs = new HashMap <I nt Donai nVar , | ntDomainVar[]>(3 * useful Ds);
151 for(int i =0; i <n - 1; i++)

152 for(int j =i + 1; j < n; j++)

153 varTol ndex. put (mat[i][j], new int[] {i, j});
154 for(int i =0; i <n - 2; i++) {

155 for(int j =i +1; j <n - 1; j++) {

156 for(int k =j + 1; k <n; k++) {

157 isD.put (ds[i][j][Kk], true);

158 dToVs. put (ds[i][j][k],

159 new I ntDomainVar[] {mat[i][j],
160 mat [i][K],
161 mat [j1[K]});
162 }

163 }

164 }

165 }

166

167 /lsort 3 values using fixed sorting procedure of no nore than 3 conparisons.
168 private int[] sortThree(int x, int vy, int z) {

169 if(x <=y)

170 if(y <= 2)

171 return new int[] {x, y, z};

172 el se

173 if(x <= 2)

174 return new int[] {x, z, y};

175 el se

176 return new int[] {z, x, y};

177 el se

178 if(x <= 2z)

179 return new int[] {y, x, z};

180 el se

181 if(y <= 2)

182 return new int[] {y, z, x};

183 el se

184 return new int[] {z, y, x};

185 }

186 public void eventDi spatch(int idx) throws ContradictionException {
187 I nt Domai nVar v = getlntVar (idx);

188 if(isD.get(v) !'= null) {

189 d = v;

190 I nt Domai nVar[] vs = dToVs. get (d);

191 vO = vs[O0]; vl = vs[1]; v2 = vs[2];

192 fronDToV() ;

193 } else {

194 int[] ij = varTolndex.get(v);

195 int i =ij[0]; int j =1ij[1];

196 for(int k = 0; k <n; k++) {

197 if(k!'=i & k !'=7j) {

198 /lit's inportant that the order of vO,vl,v2 is always the
199 /'l same whenever they're the sane variables, because d is
200 /| dependent on the order

201 int[] sort = sortThree(i, j, k);

202 v0O = mat[sort[O]][sort[1]];

203 vl = mat[sort[O0]][sort[2]];

204 v2 = mat[sort[1]][sort[2]];

205 d = ds[sort[O]][sort[1]][sort[2]];

206 fromDToV() ;

207 fronvToD() ;

208 }

209 }

210 }

211 }

212

213 public void awake() throws ContradictionException {

214 for(int i =0; i <n - 2; i++) {

215 for(int j =i +1; j <n - 1; j++) {

216 for(int k =j + 1; k <n; k++) {

217 d = ds[i][j][k];

218 vo = mat[i][j];

219 vli = mat[i][k];
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220 v2 = mat[j][k];

221 fronDToV();

222 fromvToD() ;

223 }

224 }

225 }

226 }

227

228 public void awakeOnlnf (int idx) throws ContradictionException {
229 event Di spat ch(i dx);

230 }

231

232 public void awakeOnlnst (int idx) throws ContradictionException {
233 event Di spat ch(i dx);

234 }

235

236 public void awakeOnRem(int idx, int a) throws ContradictionException {
237 event Di spat ch(idx);

238 }

239

240 public void awakeOnRenmpval s(int idx, Intlterator deltaDonmain)
241 throws ContradictionException {

242 event Di spat ch(idx);

243 }

244

245 public void awakeOnSup(int idx) throws ContradictionException {
246 event Di spat ch(i dx);

247 }

248

249 public boolean isSatisfied() {

250 return true,;

251

252 '}

Listing C.3: Implementation of Matrix-Um-4
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Electronic materials

The CDROM contains code for all the constraints and models used in the project,
as well as sample constraint programs, scripts for running experimerts, data usedin
experimens, this report, JChoco sourceand API .

api’* The JChoco 1.1.04API in HTML format.
birds/*  Birds speciesdata in Newidk format originating from [KP02].
choco/* The JChoco 1.1.04library asJava sourceand compiled classes.

empirical ~ Data, scripts and constraint models used in the empirical study and de-
scribed elsewhere.

empirical/birds/* Seabird data.

empirical/datares _dyn Random data and results for min-domain variable order test.
empirical/datares stat Random data and results for static variable order test.
empirical/model JChoco model to do supertree problem
empirical/RandomBTree.ja va Java codeto generaterandom bifurcating tree.

empirical/trees  _constr _model JChoco model to do supertree problem but out-
putting more data.

empirical/trees _conv_model Java imperative solution to supertree problem, used
by birdsrun.sh

practice  Practice programs written while learning CP.
practice/cp4 _ex_1 Crystal mazepuzzle solution.
practice/less _than _constraint Code for < constraint.

practice/pin  _num PIN puzzle solution.
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practice/zebra CP solution to the well known \zebra puzzle"
presentation IATEX beamer presenation.

prim _prop test  Scripts usedto test levelsof propgation for Custom-Um-3 and Toolkit-
Um-3.

proposal.txt Project proposalwritten in Septenber.

report IATEX sourcesand graphics for this report.
supertreesNew Prosser'sJChoco supertree models.

um Java library cortaining implementations of the new constraints.
um/fourvar/Test.java Test program for Um-4 constraints.
um/fourvar/buildin Location of Toolkit-Um-4
um/fourvar/custom  Location of Custom-Um-4 .
um/matrix/Test*.java Test programs for matrix constraints.
um/matrix/AC3BAC Location of Matrix-Um-3
um/matrix/AC3BAC4 Location of Matrix-Um-4
um/threevar/Test.java Test program for Um-3 constraints.
um/threevar/BAC Location of Custom-Um-3 .
um/threevar/builtin Location of Toolkit-Um-3
um/threevar/wait2 Location of Lazy-Um-3 .

D.1 Running the code

The code requiresa Java virtual machine supporting the languageversion 1.5 (including
generics). The code in the project is organisedas a padcage called umwhich must be
in the Java classpath. The JChoco padkage also needsto be in the classpath. For
example,to run a supertree model do the following:

nnoor e@vo:/ mt/ cdrom/ SUPERTREESMODEL$$ java -cp /mt/cdrom . Build \
/ mt/cdrony birds/ birdsA.tre \
/ mt/ cdrom birds/ birdsB.tre

Listing D.1: Example invocation of the supertree model in BASH
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D.1.1 Using code in other models

The code is organisedas a Java padage called um The layout is shovn above under
the directory um To usethe code it must be correctly import ed and the classpath for
the Java VM must include the padkage.



App endix E

Exp erimen tal data

E.1 Experimental setup

The experimerts were run on a Compaq Evo N800v laptop with a 1.8GHz Pentium
IV processorand 768Mb of RAM, running Ubuntu GNU/Lin ux with kernel version
2.6.15-28.Sun Java build 1.5.0.06-bO5was usedto run the programs.

Linux may chooseto usevirtual memory to store Java objects such as those that
comprisea JChoco maodel; if this is donethen the seart processmay be considerably
slower. For increasingly large programs, this e ect will result in a crossingover point
when results will suddenly slov down asvirtual memory beginsto be used, resulting in
an illusory changein executiontime. To remove this potential sourceof variability the
tests were run with virtual memory disabled (using the swapoff utilit y).

E.2 Sources of statistics
The required performancedata is obtained from the following sources:

time The dierence in Linux 's real time clock beforeand after the event being timed.
nodes JChoco provides this statistic.

memory usage The di erence betweenthe spaceoccupiedin Java's heap beforeand
after the model is loaded.

The fact that garbage collection in Java is potentially unpredictable means that
the readings of occupied heap spacecould be misleading. For example if a \b efore"
reading includes garbagebut an \after" reading doesnot, then the di erence is not the
size of the model but the size of the model minus the amount of garbagecollected! The
instrumentation code attempts to avoid this problem by forcing JAVA to garbagecollect
before ead sampleis taken, though this is not a perfect solution becauseJAVA is at
liberty to ignore the request[Mic07.

JAVA's heapis variable by default, and this can a ect readings of occupied space.
For this reasonthe heap allocated to JAVA was xed at 629MB! for all experiments.

E.3 Running the random empirical study

The scripts described in this Sectionexpect a directory called datares with subdirecto-
ries filtered , results , run and trees . Thesedirectories should be empty beforethe

1The memory size argument to the java executable is \60OM", but this means600 1024 1024
bytes. Sincea MB is really 10° bytes[Var07a] \600M" amounts to 629.15MB.
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scripts are run, becausethe scripts are not idempotent. The following is a sequenceof
stepsrequired to repeat the experimerts:

1.

Run gentrees.sh to create a set of random trees. First argumert is the number
of eath sizerequired; the rest of the argumerts are the sizesrequired. They are
stored in datares/trees

Run doruns.sh to run the model on data les. The rst argumert is the number
of repetitions to do on ead instance;the remaining argumerts are the sizesof les
to be used. The results are stored in datares/run

Run medianFilter.sh  to median Iter time statistics for ead sizeand constraint.
First argumert is number of repetitions to averageover; secondargumert is num-
ber of instancesthere are of ead size; remaining argumerts are the sizesto be
used. Results stored in datares/filtered

Run scripts resGather*.sh to producedata les suitable for plotting. Results go
in datares/results

Executegnuplot f for ead le f whosenameendswith \plot", to producegraphs
of all the data in datares .
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Original pro ject prop osal

The motivation for the project is the combination of leaf labelled rooted trees sharing
labels, such as those found in a collection of overlapping phylogenetic trees. A con-
straint programming solution has been produced in JChoco by represening species
trees (which are necessarilyultrametric) asthe corresponding ultrametric matrix. The
current method of constraining the matrix to be ultrametric usesJChoco toolkit prim-
itiv esand this puts a limit on the size of problemsthat can be modelled.

A rst indended outcome of this project is to produce a specialised constraint to
ensurethat d(x;y) d(x;z) = d(y;z) or d(x;y) = d(x;z) = d(y;z) where x;y;z are
oneead of the 3 constrainedinteger variables. This satis es one of the main conditions
on ultrametricit y.

A secondintended outcomeis to addressthe fact that a cubic number of constraints
are neededto ensurea matrix is ultrametric. This could be tackled by the production
of a single \ultrametric" constraint over a matrix.

These solutions should be tested and possibly proved correct before being incorpo-
rated into existing code for more testing, benchmarking and use.

Further extensionwork suc as explanations of the tree produced and the discovery
of the \core" tree over all solutions is possible.

Before beginning the above work it will be necessaryto gain a familiarit y with con-
straint programming and the internals of the JChoco toolkit and to gain a reasonable
understanding of the problem domain of phylogenetic trees and tree construction. The
DCS courseon Constraint Programming will not commenceuntil secondsemesterso
this coursecomestoo late to help signi cantly.
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Pro ject log

\If | had been gaod at making estimates of how long somethingwas going to
take, | neverwould havestarted."| Donald E. Kn uth

11th Septem ber 2006 Meet with Patrick to discussproject and wrote project pro-
posal basedon this. Briey reviewed literature in the area of ewlution, phylogenetic
trees and supertrees.

18th Septem ber 2006 ReadBarbara Smith's introduction to CP. ReadJChoco manual.
Modelled zebra and pin number puzzlesin JChoco . Explored alternative modellings
and, informally, levels of propagation.

25th Septem ber 2006 Derived formula to calculate the number of bifurcating trees
up to symmetry. This camein very useful in generating random treesin the empirical
study.

2nd Octob er 2006 Modelled crystal maze puzzle in JChoco . Wrote badground
section on ewlution and speciestrees. Read AC-5 paper to formalise understanding of

propagation. Designeda < (lessthan) constraint and coded it in JChoco .

9th Octob er 2006 DesignedGA C Um-3 constraint, but in consultation with Patrick
decidedto concerirate on GBA C constraints for the rest of the project.

16th Octob er 2006 Implemented Um-3 toolkit constraint.
23rd Octob er 2006 DesignedGBA C Um-3 constraint. Started implementation.

30th Octob er 2006 Presered designof constraint to Patrick and Chris. Outlined
proof of correctnessand discussedit. Continued implemertation.

6th November 2006 Proved constraint correct. Neededdi cult lemmathat clipped
inf canleadto clipped sup, but not the corverse. Started designingUm-4 basedon this.

13th November 2006 Started coding Um-4 constraint.
20th November 2006 Project on hiatus for assesseaoursevork.
27th November 2006 Project on hiatus for assesseaoursevork.
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4th December 2006 Completed design, proof of correctnessand implementation of
Um-4 constraint.

11th December 2006 Investigatedconstraint usingfact that Um matrices have fewer
than n 1 distinct variables, didn't nish work becauseconstraint seemedikely to o er

weak propagation.

18th December 2006 Designedand coded Wait-2 and Wait-3 constraints as straw
men.

25th December 2006 Project on hiatus for Christmas and general private study.
1st January 2007 Project on hiatus for New Year and general private study.

8th January 2007 Re-readAC-5 paper. Identied my constraints as being suitable
for AC-3and AC-5 propagators. Carefully designeda matrix AC-3 propagator.

15th January 2007 Implemented Mat-Um-3 and Mat-Um-4 constraints.

22nd January 2007 Ran preliminary experimerts on speciestree data. Noticed
phasetransition behaviour varying in di erent constraints.

29th January 2007 Identied awsin experiment to do with lack of knowledge on
error bounds and inconsistert ervironment.

5th February 2007 Briey read literature on random empirical studiesin constraint
programming, kappa, etc. Decidedto concerrate on testing instancesof roughly same
di cult y instead of doing full phasetransition investigation, due to time constraints.
Worked out idea of using two constraints at onceto exploit hypothesiseddi erence in
phasetransition behaviour for di erent constraints. Designedrandom empirical exper-
iment.

12th February 2007 Wrote shellscripts to executeand producetables and graphsfor
random empirical study. Ran experiment, noticed strange behaviour and wrote report
section summarising results.

19th February 2007 Discussedwith Patrick explanation for why variable ordering
heuristics make suc a big di erence. Planned experimerts on real speciesdata.

26th February 2007

5th Marc h 2007 Ran experimens on real life speciestrees. Analysed results and
wrote report section summarising results.

12th Marc h 2007 Project on hiatus for assesseaoursevork.
19th Marc h 2007 Report writing.

26th Marc h 2007 Report writing.
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2nd Marc h 2007 Redrafting of report and preparation for preseration.

9th Marc h 2007 Final ched over report, presenation and submission.
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\F riendship is one of the most tangible things in a world which o ers fewer
and fewer supprts.”"| Kenneth Branagh

Thanks to Patrick Prosserfor introducing meto constraint programming and giving
me the problem to solve. I've always neededto be pointed in the right direction and |
think that he's given me a long enoughroad to traversethat | should have something
interesting to do for the next few years.

Thanks to Chris Unsworth for his helpful commerts in the early stagesof the project.

Thanks to my friends and family. Thanks to writers of good books and discoverers
of good ideasfor inspiring me.
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constraint, 2
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